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Abstract
We provide evidence of a stable finite-time singularity in the 3D Euler equations on the unbounded domain.
Using a physics-informed neural network (PINN) with a self-similar ansatz, we find an approximate singular
profile for the Euler system at the critical blowup rate of 0.5 and certify it using a spline representation. The
transport field associated with the obtained profile suggests that linear damping can be established throughout
the domain, providing strong evidence for the overall stability of the candidate profile. We also establish
a complete framework for proving nonlinear stability of the approximate self-similar profile, reducing the
analysis to a large but finite collection of explicit estimates and computable constants.

Keywords: Euler equations | fluid dynamics | singularity formation | finite-time blowup | physics-informed
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1 Introduction

A central problem in the analysis of partial differen-
tial equations (PDEs) is whether all solutions aris-
ing from smooth initial data remain regular at all
times or whether they may lose regularity in finite
time. Such a loss of regularity is known as singular-
ity formation, or blowup. In particular, establishing
whether solutions of the 3D incompressible Navier–
Stokes equations can develop a finite-time blowup is
among the most prominent open problems in fluid
dynamics, and is one of the six unsolved Millennium
problems [1] and the 15th Smale problem [2]. Closely
related is the question of finite-time singularity for-
mation in the Euler equations, which govern inviscid
flows and differ from the Navier–Stokes equations by
the absence of viscous dissipation.

Blowups have been established in related simpler
problems or under modified assumptions. For in-
stance, finite-time blowups have been established for
the Euler equations in the presence of a boundary
given smooth initial conditions [3], or under non-
smooth initial conditions on the unbounded domain
R3 [4–7]. However, it is not clear how these addi-
tional assumptions can be removed. For instance,

boundary-driven blowup mechanisms exploit the con-
finement imposed by solid walls to generate rapid
vorticity growth [3; 8; 9], which does not work when
there is no boundary. In addition, there are non-
existence results which rule out finite-time blowups
in the Euler system on R3 under certain conditions
[10; 11], which include strong decay and integrability
assumptions on the vorticity profile.

A common strategy for establishing finite-time
blowup is to construct an approximate solution nu-
merically, and then to use stability theory to prove
the existence of a singular solution to the governing
PDEs that remains sufficiently close to this approxi-
mation. A self-similar ansatz offers a tractable path
to both the numerical search for such an approxi-
mate profile and its stability analysis. It allows us to
continuously zoom in or out at the specified rate, as
the solution evolves, so that its overall “shape” is un-
changed over time. More precisely, a blowup solution
is self-similar if, under a suitable dynamic rescaling,
it remains close to an approximate blowup profile
all the way up to the blowup time. The dynamic
rescaling equations thus serve as a starting point for
stability analysis around a given approximate profile.

1



Figure 1: From numerical discovery to certified stability. An approximate self-similar profile is
first discovered using PINNs and converted to a spline for analytic estimates and rigorous certification.
Perturbations around this profile are introduced together with a parametrized weighted energy that captures
the relevant singular behavior of the solution. The stability theory is then developed by linearizing around the
spline profile and deriving analytic estimates to control the linear and nonlinear contributions. The analytic
estimates depend on explicit numerical constants and quantitative properties of the approximate profile, which
are rigorously enclosed using interval arithmetic together with the profile data, stability constants, and PDE
residuals. Finally, the parametrized singular weights and other parameters are optimized so that the certified
damping dominates the other terms and PDE residuals. This yields rigorous computer-assisted nonlinear
stability, with the analytic and certified estimates also suitable for subsequent formalization in Lean.

Since it is challenging to manually construct ap-
proximate self-similar profiles as blowup candidates,
Physics-Informed Neural Networks (PINNs) [12] have
recently been adopted as a more flexible alternative.
When the PINN computations are carried in high pre-
cision (FP64), they can discover approximate singu-
lar profiles [13–15], while (approximately) enforcing
the governing equations together with symmetries,
normalization, decay and other physical constraints.
They have been successful in discovering profiles for
simplified versions of the Euler equations, such as
Burgers and Boussinesq equations. However, PINN
formulations have not yet succeeded in discovering
potential singularities in the Euler and Navier–Stokes
equations on the unbounded domain. It remains un-
clear how to choose suitable constraints and ansatz
for such a PINN formulation, and how to overcome
the resulting optimization challenges.

Recent theoretical results also impose additional
constraints on the regime where such finite-time
blowups may occur, further reducing flexibility for
the selection of ansatz and PINN formulations. Con-
stantin et al. [16] recently establish that the critical
self-similar scaling exponent of λ = 0.5, known to be
natural for Navier–Stokes equations, is also the most
promising (or “mathematically distinguished”) regime
for self-similar Euler blowups. They essentially rule
out stable self-similar singularities for the Euler sys-
tem when λ < 0.5, and λ > 0.5 for the commonly
used axis-symmetric ansatz considered here. Despite

sharing this critical scaling exponent of 0.5 for poten-
tial blowups, the Euler and Navier–Stokes equations
cannot share a common singular profile, since the
effect of viscosity cannot be ignored in this regime.
Overall, establishing the existence of singularities in
either system is highly non-trivial.

In addition to finding an approximate profile, es-
tablishing stability is crucial but complicated. This
becomes simpler when a global outgoing property is
satisfied [17], which intuitively pushes the self-similar
flow away from the singular core. This expansive
effect of the global outgoing flow is also closely con-
nected to the favorable higher-order damping that
underlies the stability analysis. However, for the Eu-
ler system with a self-similar ansatz, Constantin et al.
[16] provides strong theoretical evidence that non-
trivial fixed points of the meridional flow are likely
to exist and have been “well known to cause tremen-
dous headaches" in other related problems. Given
that the global outgoing property cannot hold for the
Euler system with self-similar ansatz, they instead
consider a weaker local property that locally pushes
the self-similar flow away from these fixed points,
preventing perturbations from concentrating there
and providing a favorable structure for the stability
analysis. Establishing stability with this weaker local
outgoing property however requires a substantially
more delicate analysis.
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Figure 2: Visualization of the approximate profile Ω, U,Ψ as three-dimensional surface plots for the 3D
axisymmetric Euler equations with their corresponding r = 0 cross-sections.
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We provide the first evidence that the
Euler equations admits a self-similar finite-
time blowup on R3 at the critical scaling exponent
λ = 0.5, referred to as “mathematically distinguished”
by Constantin et al. [16]. We obtain certified linear
damping for the Euler system, providing the key sta-
bilizing mechanism. We also establish a complete
proof framework for the nonlinear stability of the
approximate blowup profiles in our companion sta-
bility paper [18], reducing the argument to a finite
collection of explicit, rigorously verifiable estimates.
The profile is made available on GitHub, together
with the verification code demonstrating that the
Euler equations are satisfied to high precision. Our
overall methodology is shown in Figure 1.

Numerical Profiles. Using a PINN formulation, we ob-
tain a highly accurate approximate self-similar profile
for the Euler system. A novel combination of com-
plementary tools is essential to achieving this level of
accuracy, ensuring that the formulation captures the
correct physics while converging to a high-precision
solution. Imposing appropriate soft and hard con-
straints is necessary to prevent convergence to trivial
or degenerate solutions, a failure mode observed with
other PINN formulations.

Motivated by Hou et al. [19], we adopt a traveling-
wave ansatz propagating along the z-axis in the ax-
isymmetric setting. Although the traveling-wave
and stationary formulations are equivalent in the
Euler setting [16] since we can translate and scale
the system appropriately, they induce substantially
different optimization landscapes. In the traveling-
wave formulation, the singularity propagation speed
is treated as a free parameter, providing greater flexi-
bility to the optimizer. Moreover, the traveling-wave
ansatz does not impose the z-parity constraints that
often accompany the stationary self-similar ansatz,
and PINN optimization consistently fails to converge
when these z-parity constraints are imposed. These
features substantially alleviate the optimization diffi-
culties encountered in previous PINN formulations
and are essential to the success of our approach.

We employ optimization techniques to obtain a
profile with high-accuracy. We use adaptive loss-
weighting schedules to balance competing objectives,
FP64 arithmetic to reduce round-off errors and im-
prove gradient accuracy, PINN boosting [20; 21] to
progressively correct residual errors, and adaptive

collocation with residual-based resampling to con-
centrate training points in regions where the profile
is most difficult to resolve. We also employ a sinh
transformation to efficiently sample the unbounded
domain. Finally, the choice of optimizer is also impor-
tant, and we use efficient self-scaled curvature-aware
optimizers. While Adam [22] typically plateaus at
a profile-residual MSE of order 10−4, the recently
proposed SS-eSOAP [23] optimizer reaches the 10−6

regime with only a 15% increase in per-step cost. We
finally employ the more computationally expensive
SS-Broyden [24; 25] for high-accuracy fine-tuning,
reducing the profile-residual MSE to order 10−10.

The optimized PINN profile is converted into
piecewise polynomial splines suitable for rigorous cer-
tification. The spline representation facilitates exact
interval-wise differentiation and evaluation of profile-
dependent quantities. We use Arb [26], an arbitrary-
precision interval arithmetic library, to rigorously
control numerical and rounding errors throughout
the certification procedure. This allows in particular
to bound the residual errors of the spline profile by
O(10−5) in L2 and O(10−3) in L∞.

Connections to theory. We verify that our numeri-
cal profile does not violate non-existence results for
singularities in the Euler system. In particular, our
vorticity profile exhibits only polynomial spatial de-
cay, whereas the non-existence theorems of Chae
[10, 11] require super-algebraic decay. We further
investigate the case in which the scaling exponent λ
is treated as a free parameter and optimized jointly
with the profile. Despite this added flexibility, the
optimized scaling exponent converges to a value close
to the critical exponent λ = 0.5 predicted by Con-
stantin et al. [16]. Additionally, we consider the
family of convection-weighted Euler equations pro-
posed by Hou et al. [19], where a parameter ε allows
convection to be progressively increased from the
non-convective case at ε = 0 to the full Euler system
at ε = 1. As ε approaches 1, the scaling exponent λ
decreases toward the critical value λ = 0.5, provid-
ing further agreement with the theoretical prediction
of Constantin et al. [16]. For the convection-varied
equations, Hou et al. [19] found singular behavior for
ε ∈ [0, 0.3) using a numerical solver but not beyond
ε = 0.3, and conjectured a transition from blowup
to regularity near this value. Our PINN formulation
disproves this conjecture, by discovering approximate
singular profiles for all values of ε ∈ [0, 1].
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Looking at the transport field of the profiles, we
identify two regions of low transport, which can be
problematic for stability analysis. The first surrounds
a fixed point of the meridional flow on the symme-
try axis, while the second is centered at an off-axis
meridional fixed point. The axial fixed point has a
nearly degenerate locally outgoing property which
agrees with the theory from [16] for λ = 0.5 (with
c∗ = 0 in their notation). In contrast, no such con-
straint is imposed on the local outgoing behavior of
the off-axis fixed point in the theory of [16], which
is consistent with our numerical results where the
off-axis fixed point is strictly locally outgoing. We
use these properties in our stability analysis.

Stability. Starting from the spline representation of
the numerical profiles, we establish a complete sta-
bility framework, following the strategy from prior
blowup stability works [3; 17]. We linearize the ap-
propriate dynamically rescaled equations around the
spline profiles and formulate a stability theorem in
suitable weighted L2 and Sobolev norms. We then de-
rive complementary low-order and high-order energy
estimates for both the linear and nonlinear terms,
with explicit computable bounds. These estimates
are incorporated into a single energy functional that
yields the quantitative control required to close the
full stability argument. We refer to our companion
paper [18] for the details of the analysis. The proof
is thereby reduced to the certification of a large finite
collection of explicit estimates, each of which can be
rigorously certified using interval arithmetic or Arb
computations.

We first focus on linear damping for stability
analysis in this paper. Establishing damping at the
linear level is a key prerequisite for the complete sta-
bility proof, since insufficient linear damping cannot
generally be overcome by the remaining nonlinear
estimates. Its certification thus isolates a central
stabilizing mechanism and provides strong quanti-
tative evidence that the full nonlinear stability ar-
gument can be closed. In contrast to prior works,
the singular weight functions defining the stability
energy norms, together with other tunable parame-
ters entering the stability argument, are optimized
numerically rather than selected through a lengthy
and often highly nontrivial process of manual trial
and error. Here, we represent the weight functions
as a combination of locally supported Gaussian ba-

sis functions, a singular component near the origin,
asymptotically growing neural networks in the far
field, and a global neural-network correction, with
all components parametrized and jointly optimized.

After optimizing the weights, we obtain low-order
damping throughout most of the domain, with the
exception of two neighborhoods around the merid-
ional fixed points. For the fixed point on the axis, we
can use singular weights and local analysis to obtain
low-order damping. At the off-axis fixed point, the
flow is strictly locally outgoing, enabling higher-order
damping to be achieved through appropriate tuning
of the weighting functions. In particular, the relevant
higher-order derivatives have a favorable sign and
contribute positively to the damping estimate for ad-
equate Sobolev derivative order. Overall, we obtain
low-order damping on most of the computational
domain, and high-order damping in the problematic
off-axis low transport region, and damping outside
the computational domain analytically. The com-
bined energy exploits these complementary mecha-
nisms. The resulting damping margin provides an
important quantitative indication that the stability
scheme can be closed.

Remaining Work to Complete the Proof. The re-
maining work is primarily computational for the full
nonlinear stability in the Euler system: rigorously
certifying the profile-dependent constants and mar-
gins required in the stability framework using spline
representations, interval arithmetic, certified matrix
bounds, and finite-dimensional optimization. Some
estimates, presented in detail in our companion pa-
per [18], may require further refinement to obtain
sufficient margin, but the modular structure of the
argument allows such adjustments without changing
the underlying stability mechanism. Conditional on
these certifications, nonlinear stability of the rescaled
profile can be transferred through the dynamic rescal-
ing to finite-time singularity formation in the original
variables. At the critical scaling λ = 1/2, control
of the modulation parameters near their self-similar
values would yield stability of the candidate profile
and, after reconstruction, an admissible solution that
becomes singular in finite time.

Formalization in Lean. In the LeanPDE paper, we for-
malize key components of the argument in Lean [27],
using Mathlib [28] to verify symbolic identities, deriva-
tions, and other algebraic steps that enter the proof.
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Rigorous numerical certificates are generated sepa-
rately in Julia using Arb interval arithmetic [26; 29],
then replayed and verified in Lean using TorchLean
[30] so that the verification pipeline assigns distinct
roles to symbolic formalization and certified numeri-
cal computation. More broadly, this work is part of
the LeanPDE effort to develop tools and infrastruc-
ture for machine-checked PDE analysis, including
closer integration between proof assistants, computer
algebra systems, and rigorous numerical methods.

Broader Implications. While much of the recent
progress in AI-assisted mathematics has focused on
the role of large language models (LLMs) in tasks
such as theorem proving and conjecture testing, the
central computational ingredient in this work is physics-
informed optimization. The governing PDEs are in-
corporated directly into the optimization problem,
allowing candidate singularity structures to be evalu-
ated. Such physics-informed and physics-centric AI
are critical ingredients across many areas of research
involving physical systems [31], and LLMs lack such
physical grounding.

In this paper, simple multilayer perceptron archi-
tectures are sufficient for PINNs to identify candidate
singularity profiles. In other settings, however, more
sophisticated architectures and frameworks, such as
Neural Operators [32–34], may be needed. While the
approach considered here seeks an individual solu-
tion for a specific PDE instance, neural operators
are designed to learn solution operators across entire
families of parameterized PDEs. Physics-informed
neural operators (PINOs) further incorporate the
governing PDEs and other physical constraints di-
rectly into the operator-learning framework [35; 36].
Such approaches could enable training across fami-
lies of PDEs and support curriculum strategies that
progress from simpler regimes toward the more chal-
lenging target problem. In the current context, for
example, one could use a PINO to learn the solution
operator across a family of Euler equations parame-
terized by convection strength, starting from weaker
convection and progressively approaching the full-
convection regime. Such progressive learning may be
helpful to discover blowups in other open problems.

The central methodological components of this
work, including the PINN framework, the choice of
ansatz, and the optimization strategy, are developed
by the human authors. LLMs served only in a limited

supporting capacity, for tasks such as locating refer-
ences, understanding relevant background material
and definitions, checking intermediate derivations,
and assisting with Lean formalization. In present-
ing the method, we make the reasoning behind the
main methodological choices explicit, showing how
they arise from the structure of the problem and why
they are appropriate in the present setting, and how
they agree with existing theoretical results. This is
particularly important in AI-assisted mathematical
research, where automated methods can yield suc-
cessful results while leaving the underlying reasoning
and mathematical structure opaque. Mathematical
and scientific progress depends not only on obtaining
successful results, but also on developing the reason-
ing and structural understanding that make those
results meaningful. Making these choices explicit
helps preserve that understanding and underscores
the essential role of human judgment, interpretation,
and scientific insight in mathematical research.

2 The Euler Equations

2.1 The 3D Axisymmetric Equations

Starting from the incompressible 3D Euler equations

∂tũ+ (ũ · ∇)ũ = −∇p̃, ∇ · ũ = 0, (1)

we solve for the velocity field ũ(x, t) ∈ R3 and the
scalar pressure p̃(x, t) ∈ R, for x ∈ R3 and t ≥ 0.
Taking the curl yields the vorticity formulation

∂tω̃ + ũ · ∇ω̃ = ω̃ · ∇ũ, ω̃ := ∇× ũ. (2)

For flows that are symmetric about a fixed spatial
axis, such as the z̊-axis, we can rewrite (1) in cylin-
drical coordinates x = (̊r cos θ, r̊ sin θ, z̊) with r̊ ≥ 0,
θ ∈ [0, 2π), z̊ ∈ R. In these coordinates,

ũ = ur (̊r, z̊, t) er + uθ (̊r, z̊, t) eθ + uz (̊r, z̊, t) ez,

ω̃ = ωr (̊r, z̊, t) er + ωθ (̊r, z̊, t) eθ + ωz (̊r, z̊, t) ez,

where er, eθ, ez are the cylindrical unit vectors. By
definition of axisymmetry, we also have ∂θ(·) = 0.
Following Luo and Hou [8], we introduce the rescaled
swirl and streamfunction variables

u• :=
uθ

r̊
, ω• :=

ωθ

r̊
, ψ• :=

ψθ

r̊
,

where ψθ denotes the θ-component of the stream-
function ψ. This reformulation has the advantage
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of removing the 1/̊r singularity from the cylindrical
coordinates. We also define the radial component ur

and axial component uz of the velocity in cylindrical
coordinates, which can be recovered from ψ• via

ur = − r̊ ∂z̊ψ•, uz = 2ψ• + r̊ ∂r̊ψ•.

The axisymmetric 3D Euler equations are

∂tu• + ur ∂r̊u• + uz ∂z̊u• = 2u• ∂z̊ψ•,

∂tω• + ur ∂r̊ω• + uz ∂z̊ω• = 2u• ∂z̊u•,

−Er̊,̊zψ• = ω•

where Er̊,̊z = ∂2r̊ +
3
r̊∂r̊ + ∂2z̊ . The 3D axisymmetric

Euler equations can be viewed as the non-viscous
counterpart of the 3D axisymmetric Navier–Stokes
equations.

2.2 Traveling-Wave Ansatz

We consider a traveling self-similar ansatz. Self-
similar refers to the fact that the geometry of the
solution, after a proper rescaling of space, keeps an
approximately fixed shape. Traveling means that
the center of this singularity is not fixed. Instead,
it moves along the symmetry (̊r = 0) axis while the
solution converges to the self-similar geometry.

The translation is introduced only in the axial
(̊z) variable. This is consistent with the axisymmet-
ric setting, where r̊ = 0 is the fixed symmetry axis.
A radial (̊r) translation would move the singularity
away from the symmetry axis and would generally
destroy the parity and regularity structure imposed
at r̊ = 0. By contrast, an axial translation in z̊
preserves the cylindrical symmetry and provides a
natural mechanism for the singular structure to drift
while it concentrates.

The traveling-wave ansatz. Given the original
axisymmetric variables as (u•, ω•, ψ•), we introduce
the rescaled profile variables (u, ω, ψ) via

u•(̊r, z̊, t) = (T − t)cu u

(
r̊

(T − t)λ
,
z̊ − z̊c(t)

(T − t)λ

)
, (3)

ω•(̊r, z̊, t) = (T − t)cω ω

(
r̊

(T − t)λ
,
z̊ − z̊c(t)

(T − t)λ

)
, (4)

ψ•(̊r, z̊, t) = (T − t)cψ ψ

(
r̊

(T − t)λ
,
z̊ − z̊c(t)

(T − t)λ

)
. (5)

In these equations, T is the blowup time, λ is the
spatial blowup rate, z̊c(t) is the center of the traveling
profile, and cu, cω, cψ are amplitude exponents.

The rescaled coordinates are

r = r̊/(T − t)λ,

and
z = (̊z − z̊c(t))/(T − t)λ,

and
d

dt
z̊c(t) = −C(T − t)λ−1. (6)

Thus C is the traveling speed of the profile in the
rescaled axial coordinate. If C = 0, the singular-
ity is centered at a fixed axial point in the rescaled
frame. If C ̸= 0, the singularity drifts in the original
variables while remaining stationary in the moving
rescaled frame.

We are considering a single-scale traveling ansatz.
The same length scale (T − t)λ is used to measure
the radial size of the profile, the axial size of the
profile, and the axial displacement relative to the
traveling center. The purpose is to isolate the travel-
ing self-similar regime in which one spatial scale, one
traveling speed, and the corresponding amplitude
exponents determine the leading-order profile.

The exponents are fixed by balancing the powers
of T − t in the axisymmetric system, to enforce that
time differentiation, transport, stretching, and the
stream function relation contribute at the same order:

cu = −1, cω = −1− λ, cψ = −1 + λ. (7)

The traveling-wave ansatz provides more flexibility
for the optimization than the more common station-
ary self-similar ansatz [3; 13–15], in which one ex-
ploits scaling invariance and seeks a time-independent
backward self-similar profile

u•(x, t) = (T − t)cu u

(
x− x0
(T − t)λ

)
.

In our paper, the singularity is allowed to travel
along the symmetry axis. This introduces an addi-
tional axial center z̊c(t), and the profile is written in
coordinates centered at z̊c(t).
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2.3 Steady-State Profile Equations

We next present the profile equations generated by
the traveling self-similar ansatz. This reduction trans-
forms the original singular evolution into a time-
independent nonlinear system for the rescaled vari-
ables (U,Ω,Ψ), together with the drift speed C.

Assume (u•, ω•, ψ•) is given by the ansatz (3)–
(5), that the center satisfies (6), that the exponents
are chosen as in (7). Then (U,Ω,Ψ) satisfies the
profile equations

U +
(
λr + U r

)
∂rU +

(
C + λz + U z

)
∂zU (8)

= 2U∂zΨ,

(1 + λ)Ω+
(
λr + U r

)
∂rΩ+

(
C + λz + U z

)
∂zΩ (9)

= 2U∂zU,

− E Ψ = Ω, (10)

with U r = −r∂zΨ, U z = 2Ψ+ r∂rΨ, and the elliptic
operator E := ∂2r +

3
r∂r + ∂2z .

Equations (8)–(10) are the steady-state equa-
tions for the traveling self-similar profile. Thus, the
traveling-wave ansatz reduces the study of a possible
finite-time singularity to an autonomous nonlinear
profile problem for (U,Ω,Ψ) and the parameter C.

3 Discovery of a Finite-Time Blowup via
Physics-Informed Optimization

3.1 Physics-Informed Optimization

Traditional numerical methods for PDE are typically
developed and implemented on a case-by-case basis,
with finite element methods among the most widely
used approaches, but their computational cost can
limit their practical applicability and they struggle
to identify new self-similar blowup profiles.

Physics-informed optimization provides a more
flexible and computationally practical alternative.
Physics-Informed Neural Networks (PINNs) [12] are
neural networks designed to approximate solutions to
PDE. Their parameters are obtained by minimizing
deviations from the governing PDE in an appropri-
ate norm, taking a finite set of collocation points in
the spatiotemporal domain as input and producing a
parametrized approximation to the solution at each
grid point. The PDE residual loss is often combined
with additional penalty terms that encode boundary
and initial conditions, smoothness priors, and other

problem-specific constraints, resulting in a compos-
ite objective used for gradient-based optimization to
train the neural network.

Despite their success, PINNs can be difficult to
train due to poorly conditioned optimization prob-
lems and increasingly complex loss landscapes as
the physics loss is emphasized [37]. They may also
converge to trivial or undesired solutions [38], while
imbalances among loss terms can lead to uneven
gradient contributions during training [39]. Conse-
quently, obtaining reliable PINN solutions requires
careful design and tuning of the network architec-
ture, sampling strategy, loss weights, hyperparame-
ters, and optimization procedure. These challenges
are particularly important in our setting, where mak-
ing PINN solutions amenable to computer-assisted
proofs requires very high numerical accuracy when
solving the Euler equations.

To address these difficulties, we combine several
complementary mechanisms designed to improve op-
timization, enforce the desired solution structure,
and increase accuracy. In particular,

• Soft/Hard constraints to guide the optimiza-
tion and encode known properties of the profile,
together with smoothness losses.

• Adaptive loss weighting schedules, allowing
the relative importance of the various objectives
to evolve during training and helping mitigate im-
balances between competing loss terms.

• 64-bit floating point precision (FP64) to re-
duce round-off errors in autograd and achieve the
highest fidelity available in PyTorch, improving
gradient quality, convergence, and accuracy.

• PINN boosting [20; 21], where new networks
are added sequentially after the current model
reaches an optimization plateau, with each new
network trained to correct the residual errors left
by the previous ones. This turns one difficult global
optimization problem into a sequence of simpler
correction problems and allows later stages to use
specialized architectures and localized corrections
to target the remaining error more effectively.
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Table 1: Residual errors for the U , Ω, Ψ profile equations for the Euler system, comparing PINN and
spline representations. Note that the residuals are estimated empirically on an independent set of 1,000,000
randomly-sampled collocation points for the PINN representations, whereas they are evaluated analytically
and exactly for the spline representations. Here, D denotes the full domain (i.e. the half plane), B3(0) the
ball of radius 3 centered at the origin, axis the r = 0 axis, and FF the far-field region.

PINNs Splines

Domain RMSE ℓ∞ L2 L∞

U
-e

qu
at

io
n D 4.1·10−5 3.6·10−3 4.1·10−5 3.6·10−3

B3(0) 1.6·10−5 5.7·10−5 1.7·10−5 5.7·10−5

axis 9.1·10−5 1.4·10−3 9.1·10−5 1.4·10−3

FF 6.2·10−6 2.2·10−5 6.2·10−6 2.2·10−5

Ω
-e

qu
at

io
n D 1.7·10−5 9.3·10−4 1.7·10−5 9.3·10−4

B3(0) 4.3·10−6 1.2·10−5 4.3·10−6 1.2·10−5

axis 4.8·10−5 3.7·10−4 4.8·10−5 3.7·10−4

FF 3.1·10−6 1.4·10−5 3.1·10−6 1.4·10−5

Ψ
-e

qu
at

io
n D 3.8·10−5 1.4·10−3 3.8·10−5 1.4·10−3

B3(0) 7.2·10−6 2.5·10−5 7.8·10−6 2.5·10−5

axis 8.6·10−5 1.4·10−3 8.6·10−5 1.4·10−3

FF 2.1·10−6 8.3·10−6 2.1·10−6 8.3·10−6

• Self-scaled curvature-aware optimizers. We
first use SS–eSOAP [23] as an efficient curvature-
aware optimizer, followed by SS-Broyden [24; 25]
for high-accuracy refinement. SS-Broyden approxi-
mates second-order curvature information without
explicitly computing the Hessian, and its adaptive
scaling can improve conditioning and convergence
in challenging nonlinear optimization problems. In
our case, this optimization strategy reduces the
MSE from ∼ 10−4 with Adam [22] to ∼ 10−10.

• A sinh transformation to efficiently sample on
the unbounded domain.

• Collocation points resampling, concentrated
near the origin and regions where the solution
varies rapidly, and residual-based adaptive resam-
pling to target points with the largest PDE errors.

3.2 Numerical Results

We train PINNs for the Euler system, and visualize
the resulting approximate profiles U , Ω, Ψ as 3D sur-
faces and show the corresponding r = 0 cross-sections
in Figure 2. These are consistent with the profile
geometry reported by Hou et al. [19], showing that

the approximate self-similar profile remains robust
under full convection. The approximate profiles are
obtained to high accuracy, as indicated by Table 1.

The PINN serves as a numerical discovery tool
that allows us to locate an approximate self-similar
profile with high accuracy in a practical and well-
conditioned way, especially when direct optimization
over analytic ansatz would be difficult or unstable.
For certification, we replace the computed profile
by a fixed piecewise polynomial spline, which pro-
vides an explicit analytic representation on which
derivatives and L∞ bounds can be evaluated exactly.
This avoids the more challenging task of certifying
network evaluation, automatic differentiation, and
L∞ bounds. We choose splines because their low-
degree local structure supports simple and exact
differentiation and residual estimates while remain-
ing sufficiently expressive to accurately capture the
computed profile. Their locality also allows the fit to
the PINN to be refined selectively in more important
regions, e.g. near the profile center and the axis. The
spline profile retains the small residuals of the PINN,
with only a minor loss of accuracy.
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4 Stability

A singularity is stable if the associated blowup mecha-
nism persists under small perturbations of the initial
data, in the sense that the same mechanism occurs
for an open neighborhood of nearby initial conditions.
Conversely, an unstable singularity requires infinitely
precise initial conditions: small perturbations deflect
the evolution away from the singularity mechanism.

The dynamic rescaling formulation presented in
Section 4.1 is the natural starting point for such sta-
bility analysis. In the original physical variables, the
solution may grow and concentrate as t → T−, so
there is no fixed object around which to linearize.
After rescaling, the candidate blowup profile becomes
a steady state of the rescaled equations, while the
blowup rate, translation rate, and amplitude nor-
malization are recorded by modulation parameters.
Linear stability can therefore be studied by perturb-
ing this steady rescaled profile and analyzing the
resulting linearized rescaled dynamics.

We follow a similar framework as Chen et al. [3;
17] and related works on stability of blowups. We
first compute the blowup profile numerically, then
establish linear stability for the dynamically rescaled
equation in suitable weighted norms and prove non-
linear stability using Sobolev embeddings and addi-
tional weighted estimates. The main distinction is
that the weight functions and other tunable parame-
ters in the stability proof are optimized numerically,
rather than being chosen and refined through a po-
tentially long and highly nontrivial process of trial
and error.

4.1 Dynamic Rescaling Equations

In the dynamic formulation, the fixed self-similar
parameters in the profile ansatz are replaced by time-
dependent modulation parameters. Rather than pre-
scribing a blowup time, a spatial scale, and a traveling
center in advance, it defines a long-time evolution
in normalized variables, with the singularity kept at
order-one size and near a fixed location in rescaled co-
ordinates. This avoids the need to resolve a structure
whose amplitude diverges and whose length scale col-
lapses in the physical variables, while allowing the
computation to identify am approximate self-similar
profile and its associated scaling parameters.

More precisely, let (̊r, z̊, t̊) and (r, z, t) denote the
physical and dynamically rescaled variables. We in-
troduce a common spatial scale sr(t) > 0, amplitude
scales su(t), sω(t) > 0, and an axial center z̊c(t) by

r̊ = sr(t) r, z̊ − z̊c(t) = sr(t) z,

u•(̊r, z̊, t̊) = su(t)u(r, z, t),

ω•(̊r, z̊, t̊) = sω(t)ω(r, z, t).

We then define the rescaling rates and axial drift
by

∂tsr(t) = −λ sr(t), ∂tsu(t) = −cu(t) su(t),
∂tsω(t) = −cω(t) sω(t)

and ∂tz̊c(t) = −C(t) sr(t). Overall, this is encoded
by the coordinate drift (∂tr, ∂tz)̊r,̊z = (λr, λz+C(t))
where C(t) is the instantaneous traveling speed of the
axial center in the same rescaled frame. The scalar
functions cu(t) and cω(t), governing the amplitude
scaling of u and ω, maintain an order-one amplitude
in the rescaled variables.

In the original variables, perturbations can change
the blowup time, shift the center, or alter the ampli-
tude normalization, producing apparent growth or
drift even when the profile is stable. The normaliza-
tion conditions remove these neutral directions by
recentering, rescaling, and renormalizing the solution,
so stability can be assessed directly in the rescaled
variables. If the dynamic rescaling captures a stable
self-similar blowup, the rescaled solution converges to
a steady profile and the modulation parameters ap-
proach constants. The time derivatives then vanish,
and for the traveling-wave ansatz the limiting ampli-
tude rates are cu = −1 and cω = −(1 + λ) = −3/2.
Substituting these values recovers the profile equa-
tions. Thus, self-similar profiles are steady states
of the dynamically rescaled evolution, with finite-
time blowup in physical variables corresponding to
convergence toward a stable steady state.

4.2 Linearization

We derive the perturbation equations around a steady
state of the dynamically-rescaled system, and sepa-
rate linear and nonlinear terms in the perturbations.
We denote perturbations via δ’s in blue, and use the
subscript 0 to denote evaluation at the origin.
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We perturb a given approximate steady state
(ū, ω̄, ψ̄, C̄, c̄u, c̄ω) of the dynamic rescaling equations,
by writing

u = ū+ δu, ω = ω̄ + δω, ψ = ψ̄ + δψ,

C = C̄ + δC, cu = c̄u + δcu, cω = c̄ω + δcω,

For notational convenience, we will use the symbol δ
as shorthand for the full list of perturbation variables,

δ := {δu, δω, δψ, δC, δcu, δcω}.

The perturbation variables measure the differ-
ence between the evolving rescaled solution and the
steady blowup profile. The perturbations must in-
herit the symmetries of the underlying steady state
and therefore belong to the same functional class.
In particular, the parity, far-field decay, and regu-
larity conditions imposed on the rescaled variables
are inherited by δu, δω, and δψ, with the latter two
coupled by the elliptic equation relating vorticity and
streamfunction.

The reduced variables u and ω do not transform
in the same way under rescaling. Instead, ω and ∇u
are the natural pair of quantities in a scale-consistent
linear stability analysis. We collect these perturba-
tions into the scale-consistent perturbation vector

δv := (δω,∇δu) = (δω, ∂rδu, ∂zδu),

δvω := δω, δvr := ∂rδu, δvz := ∂zδu.

Linearization consists of expanding the perturba-
tion equation around the approximate blowup profile
and retaining only the linear terms in the perturba-
tion. The linearized equation then gives the leading-
order dynamics of small perturbations near the pro-
file. The discarded terms collected in nonlinear re-
mainders, which record the higher-order interactions
among the perturbations.

Starting from the dynamic rescaling equations,
perturbing all variables, subtracting the steady-state
equations, and separating first-order terms from higher-
order terms gives

∂tδu = Lu(δ) +Nu(δ) + Ru,

∂tδω = Lω(δ) +Nω(δ) + Rω.

Here Lu and Lω are linear in the perturbation vari-
ables, while Nu and Nω contain the nonlinear prod-
ucts of perturbations, and Ru and Rω are the PDE
residuals accounting for the fact that the numerical
profiles are not exact.

Since the scale-consistent variables are ω and ∇u,
we differentiate the δu-equation:

∂t∂rδu = Lr(δ) +Nr(δ) + Rr,

∂t∂zδu = Lz(δ) +Nz(δ) + Rz,

where we write Lr := ∂rLu, Nr := ∂rNu, Lz := ∂zLu,
Nz := ∂zNu, Rz := ∂zRu, Rz := ∂zRu.

For stability, we use a two-head fit for U and Ψ,
while Ω is obtained by applying the elliptic operator
exactly to Ψ. Hence, the elliptic residual vanishes
by construction, removing one source of certification
error and simplifying substantially the stability anal-
ysis.

The modulation parameters δC, δcu, δcω are fixed
by normalization conditions, which express them in
terms of the profile and its perturbations evaluated
at the origin

C(t) + uz0(t) = 0, u0(t) = ū0.

For the perturbations, these conditions give

δC + 2δψ0 = 0, δu0 = 0, (∂tδu)0 = 0.

These normalization conditions remove the artifi-
cial freedom associated with axial translation, spatial
rescaling, amplitude normalization. They are essen-
tial for formulating linear stability in the modulated
variables, since otherwise the perturbation could drift
along symmetry directions rather than measuring a
genuine change in the profile.

4.3 Weighted Norms and Energy

The stability estimates are measured in weighted
norms adapted to the blowup profile and damping
structure of the linearized operator. We define posi-
tive weight functions

Φω,Φr,Φz : D → (0,∞)

on the half-plane

D = {(r, z) : r ≥ 0, z ∈ R}.
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The purpose of the weighted energy is to produce
damping from selected linear terms, such as the linear
transport terms. We choose weights that are singular
at the origin since they strengthen the linear damping
mechanism at the origin where the transport terms
vanish, while still allowing the weighted energy to
remain finite for the admissible perturbation class.

More explicitly, Φω weights the vorticity perturba-
tion δω, Φr weights ∂rδu, and Φz weights ∂zδu. We
denote the collection of weights by Φ := (Φω,Φr,Φz).
For a positive scalar weight ϕ, define the associated
inner product and norm by

⟨f, g⟩ϕ :=

∫
D
fg ϕ dr dz

and ∥f∥2ϕ := ⟨f, f⟩ϕ. Given vector quantities q :=
(qω, qr, qz), and q̃ := (q̃ω, q̃r, q̃z), their Φ-weighted
inner product is defined as

⟨q, q̃⟩Φ := ⟨qω, q̃ω⟩Φω + ⟨qr, q̃r⟩Φr + ⟨qz, q̃z⟩Φz .

The low-order energy is defined as the Φ-norm of δv:

E0(t)
2 =

∑
i∈{ω,r,z}

∥δvi(t)∥2Φi .

The three weights Φω, Φr, Φz are kept separate be-
cause the damping calculation acts on the three com-
ponents of δv in different ways.

While the low-order energy remains the main
source of damping, it is not sufficient by itself to
close the estimates since the linear and nonlinear
terms contain terms which cannot be controlled us-
ing a weighted L2 norm, such as terms involving
L∞ norms or pointwise quantities evaluated at the
origin. To control these terms, we supplement E0

with a high-order weighted energy Hk, chosen so that
the top derivatives provide the required pointwise,
interpolation, elliptic, and modulation bounds.

The high-order part uses the adjusted weights

Φi,k := 1+ρ kΦi, ρ(r, z) := r2+ z2, i ∈ {ω, r, z}.

We then define the high-order weighted energy

H2
k :=

∑
i∈{ω,r,z}

∑
|α|=k

∥Dαδvi∥2Φi,k . (11)

The full energy used for the stability argument
is finally obtained as

E2
k := E2

0 + µkH
2
k, 0 < µk ≤ 1,

where the parameter µk is tuned to allow both the
low-order and high-order damping to absorb the low-
order and high-order losses in the linear estimates.

The order of the top derivative k should be cho-
sen large enough so that the energy controls all point
values, products, commutators, and streamfunction
terms used in the analytic estimates. With our proof
construction, the lowest admissible choice is k = 4.
Larger choices of k are possible, but increase com-
binatorially the number of derivatives and analytic
constants that must be certified.

No intermediate derivatives are needed in the ar-
gument: every derivative level 0 < j < k is controlled
by the low-order piece E2

0, the top-order piece H2
k,

and explicit interpolation constants Ii,j,k(η):

∥Djf∥Φi,j ≤ η∥Dkf∥Φi,k + Ii,j,k(η)∥f∥Φi .

4.4 Stability Estimates

Linear stability asks whether perturbations of solu-
tions of the linearized system remain bounded in a
suitable norm. The desired estimate is

∥δv(t)∥Φ ≤ Ce−γt∥δv(0)∥Φ, γ > 0.

A standard rigorous way to prove this is to establish
the differential energy estimate

1

2

d

dt
E0(t)

2 = ⟨Lδv, δv⟩Φ ≤ −ΛLE0(t)
2.

For a blowup profile, this is the relevant notion of
stability: the original physical solution may still blow
up, but the normalized spatial profile is stable in the
rescaled variables, i.e. the perturbations converge to
zero under the linearized rescaled flow.

However, the low-order energy is not sufficient to
close the linear estimates since the linear operators
contain terms which cannot be controlled using a
weighted L2 norm. It is thus supplemented with the
high-order energy Hk, to get an estimate of the form

1

2

d

dt
E0(t)

2 ≤ −Λlow
L E2

0 + Λhigh
L H2

k.
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The nonlinear stability argument upgrades this
statement to the full perturbation equation, to prove
that, if the initial perturbation is sufficiently small
in a suitable energy, then the perturbation remains
small for as long as the estimates apply. In the case
of an approximate numerical profile, the solution is
allowed to remain in a small neighborhood whose
size also depends on the certified residual error.

4.5 Stability Theorem

The stability proof is reduced to an Ek energy esti-
mate. Differentiating E2

k in time and inserting the
perturbation equations separates the argument into
distinct components:
• the residual error , which records the defect of the

approximate steady profile
• low- and high-order linear parts which contain

the stabilizing mechanism: the low-order estimate
gives the main source of damping, while the high-
order estimate controls the differentiated equations,
allowing only losses that can be absorbed by the
low-order energy after choosing µk.

• low- and high-order nonlinear parts, bounded by
cubic powers of the full energy Ek.

These estimates culminate in the stability theorem
below, with the understanding that every certifica-
tion constant entering the analytic bounds must be
rigorously validated for the proof to be complete.
The detailed estimates and derivations are given in
our companion paper [18].

Theorem 1 (Euler Stability). Assume that the ap-
proximate profile has a sufficiently small residual and
that the certified low- and high-order linear estimates
can be combined, after a suitable choice of the high-
order weight µk, to produce strict damping of the full
energy Ek. Assume further that the nonlinear terms
contribute only cubic powers of Ek.

These estimates yield an inequality of the form
d

dt
E2
k ≤ −ΛstabE

2
k + Λ3E

3
k + ΛREk,

where Λstab > 0 represents the net linear damping,
Λ3 controls the nonlinear terms, and ΛR measures
the residual.

If there exists δ∗ > 0 such that

Λ3δ∗ +
ΛR
δ∗

< Λstab, (12)

then the damping dominates both the nonlinear effects
and the residual forcing on the boundary Ek = δ∗.

Consequently, the ball {Ek < δ∗} is forward invariant:
every solution satisfying Ek(0) < δ∗ continues to sat-
isfy Ek(t) < δ∗ for as long as the solution exists and
the certified estimates remain valid. Thus, sufficiently
small perturbations remain uniformly controlled in
the full energy Ek.

The single-radius certificate can be relaxed by pre-
scribing separate target bounds for the low-order and
top-order energies, i.e. E0(t) < δ0 and Hk(t) < δk.

4.6 Rescaled Stability to Physical Blowup

The stability analysis is carried out in dynamically
rescaled variables, so a reconstruction is needed to
recover the physical behavior. If an exact admissible
rescaled solution exists for all t ≥ 0 and remains in
the stability regime, then the amplitude scale su(t)
grows exponentially whenever cu(t) stays negative.
Since the physical clock satisfies d̊t/dt = 1/su(t),
this growth makes the total remaining physical time
finite. At the same time, the fixed normalization at
the rescaled origin implies that the physical axial
vorticity at the moving center grows proportionally
to su(t) and thus becomes unbounded. The center
itself converges to a finite physical location. Hence
the rescaled stability regime reconstructs to a finite-
time physical singularity.

This reconstruction step is conditional on the
existence of the controlled rescaled trajectory for
all t ≥ 0, but does not require convergence to the
numerical profile. An unconditional blowup result
would additionally require a local well-posedness and
continuation argument ruling out breakdown at finite
rescaled time.

4.7 Computer-Assisted Proof Strategy

The stability theorems reduce stability to a finite-
dimensional optimization problem. The aim is to
choose the weights so that the linear damping margin
is larger than the nonlinear estimates and residual
error. For each candidate weight, we compute the cer-
tified constants, optimize the radius, and update the
weights until the closing inequality becomes strict.
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The optimization loop proceeds as follows:

1. Parametrize the weight functions with pa-
rameters ϑ, while ensuring that the weights have
the required positivity, regularity, and symmetries.
Choose an initial admissible candidate (ϑ, µk).

2. Compute the linear constants Λlow
L , Λhigh

L ,
Λlow
DαL, Λhigh

DαL for the current candidate. If the damp-
ing margin available Λstab ≤ 0, this candidate cannot
close the theorem, so we move to a new candidate.

3. Compute the nonlinear and residual constants.
If Λstab > 0, compute Λ3 and ΛR.

4. Optimize the radius and evaluate the gap
J (ϑ, µk) which determines whether the candidate
succeeds. When successful, choose an admissible
radius δ∗ such that (12) holds.

5. Iterate steps 2–4 by update (ϑ, µk) to decrease
J (ϑ, µk), until the proof closes.

6. Certify rigorously and analytically that the
proof closes with the candidate weights and radius.

4.8 Partial Results: Linear Damping

A central question in the stability argument is whether
the leading linear terms provide a positive damping
margin before the remaining terms are added. This
matters because missing damping cannot generally
be repaired by taking smaller perturbations. We
evaluate the signed linearized operator directly in
the weighted energies and obtain strongly favorable
results. Low-order damping controls most of the
half-plane, high-order damping supplies the localized
repair near the off-axis low transport regions, sin-
gular weights can control the on-axis low transport
region, the exterior region is closed analytically, and
the profile residual is small in the weighted norms.

The low-order transport terms and selected cou-
plings form a symmetric matrix ML(r, z). Pointwise
damping is equivalent to λmax(ML(r, z)) < 0. The
weights Φi enter through the transport contribution
and are optimized to decrease the largest eigenvalue
of ML. The largest eigenvalue is negative on the
entire computational region, except in two small
neighborhoods where the transport terms become
very small. This defect is highly localized, and the
high-order linear equations provide the natural re-
pair off-axis because derivatives of the transport field
need not be small when the transport itself vanishes.

The numerical evaluation reveals higher-order damp-
ing in precisely the off-axis neighborhood where the
low-order margin deteriorates. In addition, singular
weights can be used to control the on-axis low trans-
port region.

Outside the spline support (i.e. the finite com-
putational box), the profile-dependent coefficients
vanish exactly, the signed matrix reduces to an ex-
plicit diagonal tail form, and the weights can be
continued analytically so that the tail inequalities
close without additional numerical computation.

4.9 Remaining quantitative certification

The signed matrix provides damping, but the final
linear estimate must also include the remaining linear
terms. The relevant linear stability margin is

Λstab = min

{
Λlow
L − µkΛ

low
DαL, Λ

high
DαL −

Λhigh
L
µk

}
> 0.

A positive Λstab gives a strict linear damping margin.
The certified signed matrix bounds show that the
central linear mechanism required for this margin
is already present. The remaining task is to certify
the terms treated outside the signed matrices and
verify that their combined losses remain below the
available damping. If additional margin is needed,
the same pipeline can be improved by refining the
profile in the regions that contribute most to the
residuals, optimizing the weights and other parame-
ters, or sharpening the analytic estimates.

The remaining task is quantitative rather than
structural: rigorously certify and optimize the re-
maining terms and estimates of the proof. Some se-
lected analytic estimates may still require sharpening
to recover additional margin, but such changes can be
made within the existing modular proof framework.
If the remaining constants are rigorously certified
with a positive closing margin, then the nonlinear
stability argument is fully closed. Combined with
the finite-time reconstruction from the dynamically
rescaled variables, this produces an admissible solu-
tion converging to the approximate self-similar profile
while developing a singularity in finite physical time.
Thus, remaining work is rigorous quantitative certifi-
cation and optimization within an already established
stability and singularity framework.
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Conclusion

We provided the first evidence that the Euler equa-
tions admit a self-similar blowup on R3 at the critical
scaling exponent λ of 0.5, in agreement with prior
theory. We obtained a highly accurate approximate
profile using PINNs with a novel combination of com-
plementary tools, including soft and hard constraints,
adaptive loss weighting, FP64 arithmetic, boosting,
adaptive resampling, and self-scaled curvature aware
optimizers. The PINN profile was then converted
into piecewise polynomial spline surrogates suitable
for rigorous certification.

Complementary low- and high-order energy esti-
mates for the linear and nonlinear terms are derived
in the companion stability paper [18], with every
constant and estimate made explicit or reduced to
a rigorously computable quantity. These estimates
are incorporated into a single energy functional that
yields the quantitative control required to establish
stability of the profiles. The stability proof is thereby
reduced to the certification of a large finite collection
of explicit inequalities, each of which can be rigor-
ously certified using interval arithmetic or Arb compu-
tations. We initiated this computational program by
focusing on linear damping, and overall obtained low-
order damping on most of the domain and high-order
damping in the problematic off-axis low-transport
region. This damping provides an important quanti-
tative indication that the stability scheme can close,
and thus that the profiles are stable.

The remaining work is primarily computational:
rigorously certifying the profile-dependent constants
and margins in the stability framework using spline
representations, interval arithmetic, certified matrix
bounds, and finite-dimensional optimization. Some
estimates may require refinement to achieve sufficient
margin, but the modular structure of the argument
permits such adjustments without altering the un-
derlying stability mechanism. Conditional on these
certifications, nonlinear stability of the rescaled pro-
file can be transferred through dynamic rescaling
to finite-time singularity formation in the original
variables. When λ = 1/2, control of the modulation
parameters near their self-similar values would yield
stability of the candidate profile and, after reconstruc-
tion, an admissible solution developing a finite-time
singularity.

In parallel, the LeanPDE paper develops a for-
malization in Lean [27] of key components of the
argument, with particular emphasis on the symbolic
derivations and proof steps. Numerical certificates
are generated separately in Julia using Arb interval
arithmetic [26; 29], while Lean verifies the algebraic
identities and symbolic relations underlying the certi-
fied estimates. The resulting pipeline assigns comple-
mentary roles to its different components: physics-
informed optimization is used for discovery, splines
and interval arithmetic for rigorous numerical certi-
fication, and Lean for formal symbolic verification
and, ultimately, machine-checked analysis.
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From Numerical Profile Discovery to Certified Nonlinear Stability

Approximate Numerical Profile
Profile discovery. Starting from a parametrized travel-
ing wave self-similar profile ansatz, obtain a blowup profile
(u, ω, ψ) using physics-informed neural networks (PINNs).

Analytic representation. Fit the PINN profile with splines
to obtain a representation suitable for rigorous certification,
enabling exact estimates, and analytic expressions without
introducing further numerical approximation errors.

Numerics

Soft
Constraints

Hard
Constraints

Boosting

Curature-
Aware

Optimizer

High Precision

Specialized
Sampling

Perturbation Equations and Stability Energy
Linearize around the spline profile and introduce perturbations δ = (δω, δu), with δvω := δω,
δvr := ∂rδu, and δvz := ∂zδu. Schematically,

∂tδω = Lω(δ) +Nω(δ) +Rω, ∂t∂iδu = ∂iLu(δ) +Ni(δ) +Ri, i ∈ {r, z}.

Weights and energy. Define the full energy E2
k := E2

0 + µkH2
k, where

E2
0 := ∥δω∥2Φω

+ ∥∂rδu∥2Φr
+ ∥∂zδu∥2Φz

, H2
k :=

∑
i∈{ω,r,z}

∑
|α|=k

∥Dαδvi∥2Φi,k
,

with Φi,k := 1 + ρ kΦi and ρ := r2 + z2.

Perturbations

Analytic Estimates and Conditional Stability Proof
Analytic results and estimates. Leverage Sobolev embeddings, weighted transport estimates,
Leibniz estimates, elliptic bounds, and modulation estimates to derive the linear and nonlinear
energy estimates required to close the stability argument, conditional on obtaining the necessary
numerical constants in these estimates and suitable properties of the numerical profile.

The derivations, analytic estimates, and the bootstrap argument, can later be formalized in Lean.

Stability Theory

Certified Constants and Estimates
Rigorous certification. Starting from the spline profile, interval arithmetic rigorously encloses
the profile data, the operator and stability constants, and the PDE residual bound, so that every
numerical ingredient is converted into an explicit, machine-verifiable bound.

Certified proof. The certified quantities can then be incorporated into the conditional stability
argument, with the aim of closing the proof. Subsequently, these estimates can be encoded within
a Lean formalization framework to obtain a fully computer-verified proof.

Certification

Computer-Assisted Nonlinear Stability
Optimize the admissible singular weight functions Φ, µk, and stability radius δ∗ so that the certi-
fied damping dominates the nonlinear and residual contributions.

Stability conclusion. If Ek(0) < δ∗, then Ek(t) < δ∗ for every later admissible time. Therefore
{Ek < δ∗} is forward invariant, yielding the desired nonlinear stability.

Conclusion

linearize around the numerical profile

derive analytic estimates and form the stability proof

certify the numerical inputs and explicit estimates

optimize the singular weights and parameters to conclude

20



1 The Euler Equations

1.1 The 3D Axisymmetric Equations

Starting from the incompressible 3D Euler equations written by the great Euler [40],

∂tũ+ (ũ · ∇)ũ = −∇p̃, ∇ · ũ = 0, (S1)

we solve for the velocity field ũ(x, t) ∈ R3 and the scalar pressure p̃(x, t) ∈ R, for x ∈ R3 and t ≥ 0. Taking
the curl of the above equation yields the vorticity formulation

∂tω̃ + ũ · ∇ω̃ = ω̃ · ∇ũ, ω̃ := ∇× ũ. (S2)

In R3, one can recover ũ from ω̃ via the Biot–Savart law. Equivalently, one can introduce a vector
streamfunction ψ̃(x, t) ∈ R3 satisfying

−∆ψ̃ = ω̃, ũ = ∇× ψ̃, (S3)

together with a gauge condition (e.g. ∇ · ψ̃ = 0) to fix ψ̃.

For flows that are symmetric about a fixed spatial axis, such as the z̊-axis, it is convenient to rewrite
equation (S1) in cylindrical coordinates

x = (̊r cos θ, r̊ sin θ, z̊), r̊ ≥ 0, θ ∈ [0, 2π), z̊ ∈ R. (S4)

In these coordinates, the velocity and vorticity decompose as

ũ = ur (̊r, z̊, t) er + uθ (̊r, z̊, t) eθ + uz (̊r, z̊, t) ez, (S5)

ω̃ = ωr (̊r, z̊, t) er + ωθ (̊r, z̊, t) eθ + ωz (̊r, z̊, t) ez, (S6)

where er, eθ, ez are the unit vectors in cylindrical coordinates. In addition, by definition of axisymmetry,
we have that ∂θ(·) = 0.

Following Luo and Hou [8], it is convenient to introduce the rescaled swirl and streamfunction variables

u• :=
uθ

r̊
, ω• :=

ωθ

r̊
, ψ• :=

ψθ

r̊
, (S7)

where ψθ denotes the θ-component of the vector potential ψ in (S3). This reformulation has the advantage
of removing the 1/̊r singularity from the cylindrical coordinates.

We also define the radial component ur and axial component uz of the velocity in cylindrical coordinates.
These meridian velocity components (ur, uz) can be recovered from ψ• via the (axisymmetric) streamfunction
relations

ur = − r̊ ∂z̊ψ•, uz = 2ψ• + r̊ ∂r̊ψ•. (S8)

3D Axisymmetric Euler Equations. The axisymmetric 3D Euler equations can be written as

∂tu• + ur ∂r̊u• + uz ∂z̊u• = 2u• ∂z̊ψ•, (S9)
∂tω• + ur ∂r̊ω• + uz ∂z̊ω• = 2u• ∂z̊u•, (S10)

−
[
∂2r̊ +

3

r̊
∂r̊ + ∂2z̊

]
ψ• = ω•. (S11)

Equations (S8), (S9)–(S11) form the reduced axisymmetric-with-swirl system in (̊r, z̊) for (u•, ω•, ψ•).
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Axis interpretation. Every occurrence of ∂2r̊ + 3̊r−1∂r̊ + ∂
2
z̊ at r̊ = 0 denotes its axis-regular continuation,

not literal division by zero. For a C2 profile even in r̊,(
∂2r̊ +

3

r̊
∂r̊ + ∂2z̊

)
f(0, z̊) = 4 ∂r̊r̊f(0, z̊) + ∂z̊z̊f(0, z̊). (S12)

1.2 Traveling-Wave Ansatz

We consider a traveling self-similar ansatz.

• Self-similar refers to the fact that the geometry of the solution, after a proper rescaling of space,
keeps an approximately fixed shape.

• Traveling means that the center of this singularity is not fixed. Instead, it moves along the symmetry
(̊r = 0) axis while the solution converges to the self-similar geometry.

Since the ansatz is written in terms of powers of τ = T − t, it is also a backward self-similar ansatz : the
possible singular profile is described by rescaling backward from the blowup time T .

The translation is introduced only in the axial (̊z) variable. This is consistent with the axisymmetric
setting, where r̊ = 0 is the fixed symmetry axis and r̊ ≥ 0 measures distance to that axis. A radial (̊r)
translation would move the singularity away from the symmetry axis and would generally destroy the parity
and regularity structure imposed at r̊ = 0. By contrast, an axial translation in z̊ preserves the cylindrical
symmetry and provides a natural mechanism for a coherent structure to drift while it concentrates.

The traveling-wave ansatz. Given the original axisymmetric variables as (u•, ω•, ψ•), we introduce
the rescaled profile variables (u, ω, ψ) via

u•(̊r, z̊, t) = (T − t)cu u

(
r̊

(T − t)λ
,
z̊ − z̊c(t)

(T − t)λ

)
, (S13)

ω•(̊r, z̊, t) = (T − t)cω ω

(
r̊

(T − t)λ
,
z̊ − z̊c(t)

(T − t)λ

)
, (S14)

ψ•(̊r, z̊, t) = (T − t)cψ ψ

(
r̊

(T − t)λ
,
z̊ − z̊c(t)

(T − t)λ

)
. (S15)

Here T is the blowup time, λ is the spatial blowup rate, z̊c(t) is the center of the traveling profile, and
cu, cω, cψ are amplitude exponents.

The rescaled coordinates are
r =

r̊

(T − t)λ
, z =

z̊ − z̊c(t)

(T − t)λ
, (S16)

and the rescaled meridian velocity components ur and uz, can be recovered from ψ via

ur = −r∂zψ, uz = 2ψ + r∂rψ. (S17)

The traveling speed is encoded by the constant C through

d

dt
z̊c(t) = −C(T − t)λ−1. (S18)

With this convention, the moving coordinate z satisfies

(∂tz)̊r,̊z =
λz + C

T − t
. (S19)
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Thus C is the traveling speed of the profile in the rescaled axial coordinate. If C = 0, the singularity is
centered at a fixed axial point in the rescaled frame. If C ̸= 0, the singularity drifts in the original variables
while remaining stationary in the moving rescaled frame.

The traveling-wave ansatz considered here provides more flexibility during the optimization than the more
common stationary self-similar dynamics studied in [3; 13–15]. In the stationary case, one exploits scaling
invariance and seeks a time-independent backward self-similar profile of the form

u•(x, t) = (T − t)cu u

(
x− x0
(T − t)λ

)
. (S20)

Here x denotes the relevant spatial variable, (T − t)λ is the concentrating length scale, and (T − t)cu gives
the amplitude growth.

The profile is stationary because its center is fixed in physical space: after rescaling, the same spatial point
remains the center of the core. In the present axisymmetric setting, the singularity is allowed to travel
along the symmetry axis. This introduces an additional axial center z̊c(t), and the profile is written in
coordinates centered at z̊c(t) rather than at a fixed point.

Scaling exponents. The exponents are fixed by balancing the powers of T−t in the axisymmetric system.
This balance enforces that time differentiation, transport, stretching, and the elliptic streamfunction relation
all contribute at the same leading order. It gives

cu = −1, cω = −1− λ, cψ = −1 + λ. (S21)

These exponents have a simple interpretation. The variable u• grows like (T − t)−1. The vorticity variable
ω• contains one additional spatial derivative at scale (T − t)λ, and therefore grows like (T − t)−1−λ. The
streamfunction is two spatial derivatives smoother than ω•, which leads to the exponent −1 + λ.

Energy scaling constraint. The traveling-wave ansatz also has consequences for energy quantities in
the original variables. For the convection-varied Euler equations, the relevant energy identity is recalled
from Theorem 4.2 of [41]. The scaling calculation below applies whenever the corresponding energy is
finite and remains bounded as t→ T−.

Written in the original variables (̊r, z̊), the relevant energy functional is

E =

∫ ∞

−∞

∫ ∞

0

(
|u•|2 + |∇r̊,̊zψ•|2

)
r̊3 d̊r dz̊. (S22)

This identity links the self-similar scaling exponent λ to a quantity expressed in the original physical
variables. The following proposition shows how E transforms under the traveling-wave ansatz and provides
a simple but important consistency condition: a finite-energy self-similar profile cannot have an arbitrary
concentration rate λ.
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Proposition S1 (Energy scaling under the self-similar ansatz). Let τ = T − t, and assume that

u•(̊r, z̊, t) = τ−1u

(
r̊

τλ
,
z̊ − z̊c(t)

τλ

)
, ψ•(̊r, z̊, t) = τλ−1ψ

(
r̊

τλ
,
z̊ − z̊c(t)

τλ

)
. (S23)

Equivalently, introduce the rescaled variables

r =
r̊

τλ
, z =

z̊ − z̊c(t)

τλ
. (S24)

If the rescaled profile energy is finite and nonzero, then boundedness of E(t) as t→ T− requires

λ ≥ 2

5
. (S25)

Proof The proof is provided in Appendix E.

The proposition shows that the concentration rate λ is constrained by the scaling of the energy in the
original variables. If the rescaled profile energy is finite and nonzero, boundedness of E(t) as t → T−

requires λ ≥ 2/5. When λ > 2/5, the contribution of an exact self-similar core to E(t) tends to zero as
t→ T−. When λ = 2/5, the energy contribution is invariant under the self-similar scaling.

Remark. Constantin et al. [16] investigate the admissible scaling exponents for a hypothetical self-similar
blowup of the Euler equations. They establish the lower bound λ ≥ 2/5 and further show that, under
a local outflow condition essential for the corresponding linear stability analysis, one must in fact have
λ ≥ 1/2. Prior to this work, it was hoped that an Euler singularity with 2/5 ≤ λ < 1/2 might persist in the
Navier–Stokes setting, since viscosity would be asymptotically lower order in this regime. In that case, a
self-similar Euler blowup implies a Navier–Stokes singularity. The result of Constantin et al. [16], however,
rules out this scenario for profiles satisfying the local outflow condition. The exponent λ = 1/2 is especially
important in both Euler and Navier–Stokes flows. For Euler, its importance is tied to the invariance of
circulation, and for Navier–Stokes, this is the unique exponent at which self-similar blowup can occur with
viscosity present as the blowup time is approached.

1.3 Steady-State Profile Equations

We next present the profile equations generated by the traveling self-similar ansatz. This reduction trans-
forms the original singular evolution into a time-independent nonlinear system for the rescaled variables
(U,Ω,Ψ), together with the scaling exponent λ and the drift speed C.

For notation simplicity, we define the elliptic operator

E := ∂2r +
3

r
∂r + ∂2z . (S26)
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Proposition S2 (Traveling-wave profile equations). Assume that (u•, ω•, ψ•) is given by the ansatz
(S13)–(S15), that the center satisfies (S18), and that the exponents are chosen as in (S21). Set

λ =
1

2
. (S27)

Then (U,Ω,Ψ) satisfies

U +
(
λr + U r

)
∂rU +

(
C + λz + U z

)
∂zU = 2U∂zΨ, (S28)

(1 + λ)Ω +
(
λr + U r

)
∂rΩ+

(
C + λz + U z

)
∂zΩ = 2U∂zU, (S29)

−E Ψ = Ω, (S30)

where
U r = −r∂zΨ, U z = 2Ψ+ r∂rΨ. (S31)

Equivalently,

U + r
(
λ− ∂zΨ

)
∂rU +

(
C + λz + 2Ψ + r∂rΨ

)
∂zU = 2U∂zΨ, (S32)

(1 + λ)Ω + r
(
λ− ∂zΨ

)
∂rΩ+

(
C + λz + 2Ψ + r∂rΨ

)
∂zΩ = 2U∂zU, (S33)

−E Ψ = Ω. (S34)

Proof The derivation is provided in Appendix C.

In these equations,

• The terms λr∂r and λz∂z come from observing the solution in a shrinking coordinate system.

• The term C∂z comes from following the center of the profile as it travels along the symmetry axis.

• The terms involving U r and U z are the convection terms.

• The terms 2U∂zΨ and 2U∂zU on the right-hand side are the stretching and coupling terms inherited
from the axisymmetric formulation.

Equations (S28)–(S30) are the steady-state equations for the traveling self-similar profile. Thus, the
traveling-wave ansatz reduces the study of a possible finite-time singularity to an autonomous nonlinear
profile problem for (U,Ω,Ψ) and the parameters λ and C. The parameter λ determines the rate at which
the spatial scale collapses, while C determines the speed of the axial drift in the rescaled frame.
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2 Discovering a Finite-Time Blowup via Physics-Informed Optimization

Classical numerical methods for solving PDE typically rely on problem-specific discretizations and solver
configurations, which can make their implementation and adaptation across different equations, geometries,
and parameter regimes challenging. Among these approaches, finite element methods are among the most
widely used due to their versatility and well-established mathematical foundation. However, high-fidelity
finite element simulations can be computationally demanding, particularly for large-scale systems, problems
characterized by rapidly varying dynamics, or applications requiring repeated PDE solutions. These
limitations can become particularly acute for nonlinear PDE, where general-purpose finite element solvers
may require weeks of CPU time and can struggle to discover previously unknown blowup profiles, especially
when little prior information about their structure is available.

Physics-informed optimization offers a flexible and computationally tractable framework for solving PDE,
with the potential to transfer across problem settings and facilitate the discovery of previously unknown
solution profiles. Here, we focus on a particular class of such methods, physics-informed neural networks
(PINNs), which recast the solution of a given PDE as an optimization problem whose objective is constructed
directly from the governing equations and associated constraints. From this perspective, PINNs can be
viewed as an alternative class of numerical methods for PDE, in which a parameterized representation of
the solution is obtained through gradient-based optimization rather than through traditional algorithms
applied to a prescribed discretization of the domain.

2.1 Methods

2.1.1 Physics-Informed Optimization

Physics-Informed Neural Networks (PINNs) [12] are neural networks designed to approximate solutions to
PDE. Their parameters are obtained by minimizing deviations from the governing PDE in an appropriate
norm, taking a finite set of collocation points in the spatiotemporal domain as input and producing a
parametrized approximation uθ(x, t) to the solution at each grid point (x, t). Physics-Informed Neural
Operators (PINOs) [35; 36] extend the same principle to learning a solution operator mapping to an entire
family of solutions [34; 42], for instance with Fourier Neural Operators [32; 33].

The PDE residual loss is often combined with additional penalty terms that encode boundary and initial
conditions, smoothness priors, and other problem-specific constraints. This is necessary because minimizing
the residual may not, in general, guarantee that the optimized solution satisfies the prescribed constraints
or exhibits the desired regularity, especially when training data are sparse or the optimization landscape is
ill-conditioned. A typical resulting composite objective is given by

L = LPDE + αLBC + β LSmoothness + . . . . (S35)

This composite loss is then used as the objective for gradient-based optimization to train the neural
network uθ. Here, α, β, . . . ∈ R+ denote positive hyperparameters that weight the respective loss terms.

While PINNs have proven extremely successful in numerous practical applications, the corresponding
optimization task can be challenging and prone to numerical issues. The training loss can have poor
conditioning as it involves differential operators that can be ill-conditioned. In particular, Krishnapriyan
et al. [37] showed that the loss landscape becomes increasingly complex and harder to optimize as the
physics loss coefficient increases. The model could also converge to a trivial or non-desired solution that
satisfies the physics laws on the set of points where the physics loss is computed [38]. There could also be
conflicts between the multiple loss terms when their gradients point in opposite directions. Even without
such conflicts, the losses can vary significantly in magnitude, leading to unbalanced gradients during
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training [39], and thus to the contribution and reduction of certain losses being relatively negligible during
training. Consequently, obtaining reliable PINN solutions can require substantial care throughout the
training process, including the choice of network architecture, collocation sampling strategy, loss weights,
training hyperparameters, optimizer, and optimization strategy. In practice, these components must be
tuned and monitored carefully to ensure that the optimized solution reflects the intended physical behavior
rather than artifacts of the optimization procedure.

2.1.2 Achieving High-Precision with PINNs

To make PINN solutions amenable to computer-assisted proofs, we must achieve very high accuracy
when solving the Euler and Navier–Stokes equations. In this paper, we leverage several mechanisms that
substantially improve the precision attainable with PINNs and enable the construction of sufficiently
accurate approximate solutions.

Higher Floating Point Precision. 64-bit floating point precision (FP64) with PINNs helps preserve
accuracy when computing automatic-differentiation derivatives and PDE residuals, where FP32 round-off
can accumulate and destabilize training. With cleaner gradients and more reliable physics losses, FP64
often improves convergence and yields higher-precision solutions that better satisfy the governing equations
and physics constraints [43]. We carry out PINN training in FP64 to ensure our solution losses are
evaluated with the highest numerical fidelity that is possible in PyTorch.

Boosting. Our methodology is inspired by the existing literature on PINN boosting [20; 21]. We write
our solution approximation as a stage-wise additive model,

u(x, t) ≈ fθ0 (S36)

where each newly added PINN fθk is introduced only after the current surrogate has reached an optimization
plateau. The stage-k PINN fθk is trained conditioned on the previously optimized sum: the parameters
of the earlier PINNs fθ0 , . . . , fθk−1

are frozen, and only fθk is optimized so that it serves as a correction
targeting the residual structure left. In effect, boosting replaces a single, difficult global fitting task with a
sequence of easier residual-fitting subproblems. The successive correction networks can continue to reduce
the PDE residual beyond the saturation point of a single PINN, yielding higher-accuracy solutions. Because
each stage solves a distinct residual-correction problem, one can vary the PINN architecture and training
strategy across stages, tailoring fθk and its optimization to the specific residual features it is intended to
capture. This flexibility also allows later-stage residual networks to be localized to small subdomains or
patches where errors are concentrated, or to be combined naturally with domain-decomposition strategies
that assign different correction networks to different regions of the computational domain.

Self-Scaled Curvature-Aware Optimizers. Adam [22] is widely used for neural-network training,
but its reliance on first-order gradient information can limit convergence in PINNs, whose loss landscapes
are often stiff and poorly conditioned. Curvature-aware optimization can alleviate these difficulties and
continue reducing the objective after first-order methods begin to stagnate, often leading to substantially
higher solution accuracy, though this comes at an increased computational cost. Quasi-Newton methods
achieve this by constructing an approximation to the inverse Hessian from successive parameter and
gradient updates. However, these approximations may themselves become poorly conditioned, degrading
the quality of the resulting search directions.

27



Self-scaling addresses this issue by adaptively rescaling the inverse-Hessian approximation to better capture
the local geometry of the objective landscape. In PINNs, such self-scaled quasi-Newton updates have been
shown to improve conditioning and accelerate convergence [25].

More recently, structured curvature-aware optimizers such as Shampoo [44] and SOAP [45] have provided a
more scalable means of exploiting curvature information. Rather than maintaining a dense inverse-Hessian
approximation, they construct structured preconditioners that capture important correlations in the
gradient while remaining computationally practical for larger neural networks. In particular, SOAP
performs adaptive optimization in the eigenbasis of the Shampoo preconditioner, yielding updates that are
better aligned with the local geometry of the objective. Standard Shampoo and SOAP, however, do not
have the self-scaling mechanism.

Recently, SS–eSOAP [23] was introduced to augment SOAP with self-scaling and an adaptive eigenbasis
update. This retains much of the computational efficiency of first-order optimization while providing
a more effective curvature-aware update. In our experiments, SS–eSOAP incurs only a 15% increase
in computational cost relative to Adam, while substantially improving the PDE MSE residual from
O(10−4) with Adam to O(10−6). For further refinement, we employ the self-scaled Broyden (SS-Broyden)
method [24; 25]. SS-Broyden maintains a more expressive approximation of the inverse Hessian and updates
both its scaling and Broyden parameters using local curvature information. This richer curvature model
comes at a substantially higher computational and memory cost than SS–eSOAP, making SS-Broyden
less attractive as a general-purpose optimizer throughout training. However, once the solution has entered
a sufficiently accurate regime, the improved curvature approximation can continue reducing the objective
beyond the level at which the cheaper optimizer begins to saturate. We use SS-Broyden as a final
high-accuracy refinement stage, reducing the PDE MSE residual in our experiments from O(10−6) with
SS–eSOAP to O(10−10).

2.1.3 Dealing with Unbounded Domains

Sampling on an unbounded domain is a fundamental challenge for numerical methods. Similar to [13; 15],
we use the sinh transformation (and the chain rule for derivatives), to sample over the half-plane

D = {(r, z) : r ≥ 0, z ∈ R}. (S37)

More precisely, we sample the computational variables on the finite box(
rcomp, zcomp

)
∈ [0, 30]× [−30, 30], (S38)

and map them to the physical variables by

(r, z) =
(
sinh rcomp, sinh zcomp

)
. (S39)

Under the sinh mapping, the transformation is approximately linear near the origin, since sinh(x) ∼ x
as x → 0. Uniform sampling in the computational variables therefore produces nearly uniform, finely
resolved sampling in the physical domain near the origin, where the blowup profile is expected to vary
most rapidly. Farther from the origin, the mapping progressively stretches the sampling points, enabling
the same computational grid to cover a large portion of the physical domain without unnecessarily high
resolution in the far field. This distribution is well suited to the anticipated solution structure, which
exhibits sharp variation near the blowup region and a much slower decay toward zero in the far field.
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Under the sinh mapping, since sinh(30) ≈ 5.34 × 1012, the computational box [0, 30] × [−30, 30] maps
roughly to [0, 5.34 × 1012] × [−5.34 × 1012, 5.34 × 1012], which is effectively unbounded for practical
purposes. The restriction to nonnegative values of r is consistent with the assumed even parity in r, so the
solution can be mirrored across the axis r = 0 (or enforced as a hard constraint in the PINN architecture).
The odd symmetry of the sinh map is particularly convenient here, as it preserves the underlying parity
structure when expressed in the computational variables.

The choice of sinh also avoids some of the drawbacks associated with alternative transformations. For
example, a compactifying map such as r = arctanh ρ, with 0 ≤ ρ < 1, maps the infinite physical domain
to the finite interval ρ ∈ [0, 1), but becomes singular as ρ→ 1, since dr/dρ = 1/(1− ρ2). Polynomial maps
avoid this singular behavior, but their algebraic growth is typically too slow to sample the physical far
field efficiently. The sinh map therefore provides a natural compromise: it reaches large physical scales
rapidly while remaining smooth and preserving parity through its odd symmetry.

We represent the PINN in the computational variables and obtain derivatives with respect to the physical
variables via the chain rule. When the computational and physical coordinates are related by the sinh
map introduced above, we use the same notation uΘ for the induced representation in physical space:

uΘ(r, z) := uΘ
(
rcomp, zcomp

)
. (S40)

The first derivatives in physical coordinates are then

∂uΘ
∂r

=
∂uΘ
∂rcomp

sech
(
rcomp

)
,

∂uΘ
∂z

=
∂uΘ
∂zcomp

sech
(
zcomp

)
. (S41)

The same principle applies to higher-order derivatives: the transformed expressions involve higher-order
chain-rule coefficients, built from smooth bounded functions such as sech and tanh on the computational
box, and are evaluated using automatic differentiation [46], as is standard in PINN implementations [47].
We give the full transformed PDE residual operator in Appendix B.

2.1.4 PINN Objectives and Constraints

Let uΘ be a neural-network approximation to the PDE solution with parameters Θ, being the collection
of all the network parameters to be optimized and the traveling wave speed C. To optimize the PINN
representation, we minimize a weighted combination of loss terms

L(Θ) = LPDE(Θ) + αLFF(Θ) + β LSmoothness(Θ) + γ LNon-triviality(Θ), (S42)

where

• LPDE(Θ) =
∫
D
∥∥R(uΘ)(x)∥∥2 dx denotes the PDE residual loss, where R is the PDE residual operator.

• LFF(Θ) denotes the far field loss conditions that u, ω, ψ → 0 as r, z → ∞. We emphasize that these
are decay conditions at infinity rather than classical boundary conditions (i.e Dirichlet, Neumann,
Robin) at a finite boundary.

• LSmoothness(Θ) =
∫
D
∥∥∇R

(
uΘ)(x)

∥∥2 dx penalizes the gradient of the PDE residual. This promotes
smoothness of the optimized representation. Heuristically, controlling ∇R discourages highly
oscillatory residuals and biases the optimized solution toward higher regularity on the region where
the penalty is enforced. The gradient is computed via automatic differentiation.

• LNon-triviality(Θ) is an additional loss term designed to discourage the optimization from converging
to trivial solutions.
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In contrast to the preceding constraints, which are encouraged softly through the loss function, we enforce
the following symmetry exactly as a hard constraint. Because our self-similar ansatz travels along the
z-axis, no symmetry condition is imposed in z. Instead, we impose even parity in r:

u(r, z) = u(−r, z), ω(r, z) = ω(−r, z), ψ(r, z) = ψ(−r, z). (S43)

This parity condition is physically motivated by Luo and Hou [8], where, in the presence of a boundary, an
analogous symmetry serves as a trapping mechanism that promotes vorticity growth toward singularity
formation.

2.1.5 Sampling Collocation Points

To improve generalization and avoid overfitting to a fixed set of collocation points, we periodically resample
training points and bias sampling toward the origin, where the solution varies most rapidly. Since the
solution is even in r, we restrict sampling to r ≥ 0. We also use residual-based adaptive sampling [48],
progressively adding points in regions where the PDE residual is largest. Separate samples are used for the
PDE, smoothness, and far-field losses, with additional points placed along the symmetry axis r = 0, where
the formally singular radial term is evaluated using its regular limiting form.

For SS-Broyden, we use the same overall strategy but resample less frequently, since full-batch second-order
methods are more sensitive to changes in the training set through their use of past iterates in Hessian
approximations. We also find that sufficiently large batches are important for good generalization across
the computational domain.

2.2 Numerical PINN Profiles

Leveraging the methods described in Section 2.1, we parametrize and train a PINN solution for the Euler
self-similar profile system. We visualize the optimized approximate profiles u, ω, and ψ as three-dimensional
surfaces and display the corresponding r = 0 cross-sections in Figure S1. The optimized solution reproduces
the qualitative profile structure reported by Hou et al. [19], showing that the self-similar profile remains
robust even when convection is fully amplified. These profiles were obtained to high accuracy, as can be
seen from the profile equations residuals reported in Table S1.

Remark. We also investigate the family of self-similar profiles for the convection-varied Euler system
introduced in Appendix A, obtained by varying the convection amplitude ε ∈ [0, 1]. We observe that the
value of λ decreases steadily towards λ = 1/2 as ε increases towards ε = 1, as expected.
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Figure S1: Visualization of the approximate profiles Ω, U,Ψ as surface plots for the 3D axisymmetric Euler
system. The corresponding r = 0 cross-sections.

2.3 Analytic Spline Representation of the Steady State

The PINN computation serves as a numerical discovery tool, providing a practical and well-conditioned
means of obtaining an accurate approximate self-similar profile when direct optimization over analytic
ansatzes or alternative basis expansions would be considerably more difficult. We denote steady-state
quantities by an overhead bar, and let

(ūPINN, ψ̄PINN, ω̄PINN)

denote the profile produced by the PINN.
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Table S1: Residual errors for the U , Ω, Ψ profile equations for the Euler system, comparing PINN and
spline representations. Note that the residuals are estimated empirically on an independent set of 1,000,000
randomly-sampled collocation points for the PINN representations, whereas they are evaluated analytically
and exactly for the spline representations. Here, D denotes the full domain (i.e. the half plane), B3(0) the
ball of radius 3 centered at the origin, axis the r = 0 axis, and FF the far-field region.

PINNs Splines

Domain RMSE ℓ∞ L2 L∞

U
-e

qu
at

io
n D 4.1·10−5 3.6·10−3 4.1·10−5 3.6·10−3

B3(0) 1.6·10−5 5.7·10−5 1.7·10−5 5.7·10−5

axis 9.1·10−5 1.4·10−3 9.1·10−5 1.4·10−3

FF 6.2·10−6 2.2·10−5 6.2·10−6 2.2·10−5

Ω
-e

qu
at

io
n D 1.7·10−5 9.3·10−4 1.7·10−5 9.3·10−4

B3(0) 4.3·10−6 1.2·10−5 4.3·10−6 1.2·10−5

axis 4.8·10−5 3.7·10−4 4.8·10−5 3.7·10−4

FF 3.1·10−6 1.4·10−5 3.1·10−6 1.4·10−5

Ψ
-e

qu
at

io
n D 3.8·10−5 1.4·10−3 3.8·10−5 1.4·10−3

B3(0) 7.2·10−6 2.5·10−5 7.8·10−6 2.5·10−5

axis 8.6·10−5 1.4·10−3 8.6·10−5 1.4·10−3

FF 2.1·10−6 8.3·10−6 2.1·10−6 8.3·10−6

In practice, however, the PINN solution is not the steady state we work over for our stability analysis
and numerical certification. This is due to the fact that the basis optimized by the PINN can be highly
nonlinear and oscillatory, making it difficult to interpret. We instead freeze an explicit analytic profile
(ū, ψ̄, ω̄), together with certified intervals for the fitted parameters. All residuals, energy estimates, and
nonlinear constants are then evaluated using this fitted profile rather than the original neural network.
This different representation allows for certified residuals and norms, which is essential in our stability
argument as it involves the repeatedly differentiating, calculating weighted perturbations, and finding L∞

bounds of the numerical profile. These operations can be certified for explicit analytic representations (via
interval arithmetic), whereas certifying them directly for the PINN would require a separate verification of
the network evaluation, automatic differentiation procedure, and L∞ bounds.

We must now choose an analytic representation that is sufficiently expressive to reproduce the computed
profile with high accuracy, while remaining sufficiently explicit for rigorous certification. For this purpose,
we use piecewise polynomial splines. This choice is common in numerical analysis and is particularly well
suited to verification because, on each subinterval, the approximation is given by an explicit low-degree
polynomial, so that its derivatives, extrema, and residuals can be evaluated and bounded using standard
rigorous tools, including interval arithmetic. Moreover, the local nature of the representation allows the
mesh to be refined only where the profile exhibits rapid variation without unnecessarily increasing the
complexity of the approximation elsewhere. In contrast, global polynomial or spectral representations
have to find a tradeoff between global and local behavior which may require a relatively high degree of
polynomials, leading to larger expressions and less convenient rigorous bounds. Piecewise splines avoid this,
achieving high local accuracy with moderate polynomial degree, preserve smoothness across subintervals,
and yield a representation whose errors and derivatives can be certified in an more interpretable and
computationally efficient manner.
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Overall, the certification pipeline has four separate layers, as described in the diagram below, where only
the first arrow is a numerical approximation step:

Approximate PINN Profile
Numerical Discovery

Numerics

Spline Basis Representation
Analytic Representation

Analytic

Interval certificates
Rigorous Arb Enclosures

Certification

Computer-Assisted Stability Proof

Proof

fit splines

analytic evaluation

incorporate in formal argument

We define Rraw
u and Rraw

ω to be the PDE residuals accounting for the fact that the numerical profiles do
not satisfy exactly the Euler equations:

Rraw
u := −(λr + ūr)∂rū− (λz + C̄ + ūz)∂zū+ 2ū∂zψ̄ + c̄uū, (S44)

Rraw
ω := −(λr + ūr)∂rω̄ − (λz + C̄ + ūz)∂zω̄ + 2ū∂zū+ (c̄u − λ)ω̄. (S45)

The spline fit preserves the small profile-equation residuals observed in the numerical solution, so the
passage to an analytic representation incurs only a minor loss of accuracy. For the stability analysis, we
further construct the surrogate through a two-head fit: (ū, ψ̄) are fitted separately, while ω̄ is defined by
applying the elliptic operator exactly to ψ̄. Consequently, the residual in the elliptic equation is exactly 0,
eliminating one source of certification error and significantly simplifying the subsequent stability analysis.
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3 Stability

A singularity is stable if the associated blowup mechanism persists under small perturbations of the initial
data, in the sense that the same mechanism occurs for an open neighborhood of nearby initial conditions.
Conversely, an unstable singularity requires infinitely precise initial conditions: small perturbations deflect
the evolution away from the singularity mechanism.

The dynamic rescaling formulation presented in Section 3.1 is the natural starting point for such a stability
analysis. In the original physical variables, the solution may grow and concentrate as t→ T−, so there
is no fixed object around which to linearize. After rescaling, the approximate blowup profile becomes a
steady state of the rescaled equations, while the blowup rate, translation rate, and amplitude normalization
are recorded by modulation parameters. Linear stability can therefore be studied by perturbing this steady
rescaled profile and analyzing the resulting linearized rescaled dynamics.

We follow the same overall structure as [3; 17] and related works on stability of blowups. We first compute
the blowup profile numerically, then establish linear stability for the dynamically rescaled equation in
suitable weighted norms and prove nonlinear stability using Sobolev embeddings and weighted estimates.
The main distinction is that the weight functions and other tunable parameters in the stability proof are
optimized numerically to ensure that the argument closes, rather than being chosen and refined through
expert intuition and a potentially long and technically challenging process of trial and error. The overall
proof architecture is summarized in the diagram on page 50, while the optimization strategy used to close
the proof is described in detail in Section 3.9.

Remark. An alternative sufficient criterion is to prove invertibility of the full linearized profile operator [49].
In this case, the self-similar profile equation is viewed perturbatively around an approximate profile, and the
goal is to invert the linearized operator after removing the neutral scaling direction. This is stronger than the
criterion used here. In contrast, the numerical eigenvalue analysis in [41, Section 4.4] gives a more limited,
finite-dimensional test of the same stability mechanism: it consists of discretizing the dynamically rescaled
linearized equation around the computed profile and inspecting the spectrum of the resulting Jacobian. This
provides useful evidence for stability, but is not by itself a rigorous substitute for the required linear estimate.
It only concerns a finite-dimensional discretization and therefore controls, at best, resolved low-frequency
perturbations. As noted in [50, Section 1.3.1], the proof must control the infinite-dimensional operator,
including high-frequency modes, nonlocal velocity terms, possible neutral directions, and transient growth
caused by non-normality. Thus, negative real parts of the computed eigenvalues do not yield the uniform
estimate required for nonlinear stability.

3.1 Dynamic Rescaling Equations

3.1.1 Introduction

The steady profile equations above describe an exact traveling self-similar solution. In computations
and stability arguments, however, one usually does not know the correct profile, or traveling speed in
advance. The dynamic rescaling formulation addresses this by letting the rescaled solution evolve while
continuously adjusting its location, scale, and amplitude. The key idea is to replace the finite-time singular
behavior in physical variables by a long-time evolution in normalized variables. The singularity is kept
at order-one size and near a fixed location in the rescaled coordinates. In this frame, blowup no longer
appears primarily as unbounded growth or shrinking length scale. Instead, a stable blowup scenario should
appear as convergence toward a steady state. That steady-state is precisely the traveling-wave profile
described in Proposition S2.

34



Modulated coordinates and amplitudes. In the dynamic formulation, the fixed self-similar parameters
in the ansatz are replaced by time-dependent modulation parameters. Rather than prescribing a blowup
time, a spatial scale, and a traveling center in advance, the rescaled frame is adjusted as the solution
evolves. More precisely, let (̊r, z̊, t̊) denote the physical variables and let (r, z, t) denote the dynamically
rescaled variables. We introduce a common spatial scale sr(t) > 0, amplitude scales su(t), sω(t) > 0, and
an axial center z̊c(t) by

r̊ = sr(t) r, z̊ − z̊c(t) = sr(t) z, (S46)

and
u•(̊r, z̊, t̊) = su(t)u(r, z, t), ω•(̊r, z̊, t̊) = sω(t)ω(r, z, t). (S47)

Then,
ψ•(̊r, z̊, t̊) = sω(t) sr(t)

2 ψ(r, z, t). (S48)

The normalization of the transport, stretching, and time-derivative terms is fixed by

su(t) = sω(t) sr(t),
dt

d̊t
= sω(t) sr(t). (S49)

We then define the rescaling rates by

∂tsr(t) = −λ sr(t), ∂tsu(t) = −cu(t) su(t), ∂tsω(t) = −cω(t) sω(t). (S50)

and define the axial drift via
∂tz̊c(t) = −C(t) sr(t). (S51)

Overall, this adjustment is encoded by the coordinate drift

(∂tr)̊r,̊z = λr, (∂tz)̊r,̊z = λz + C(t). (S52)

where

• λ is the spatial rescaling rate. It measures, in the current rescaled time variable, how quickly the
computational frame expands

• the function C(t) is the instantaneous traveling speed of the axial center in the same rescaled frame.

• the term λz is the axial part of the dilation, while C(t) is the additional axial translation.

The amplitude of the solution must also be normalized. This is achieved via two scalar functions cu(t)
and cω(t), which are the logarithmic amplitude rates for u and ω. The cu(t)u and cω(t)ω terms appearing
in the rescaled evolution equations do not represent new forcing, they only record the rate at which the
normalization of the rescaled variables is changed in order to keep the profile at order-one amplitude.

Use and connection with stability. The profile formulation and the dynamic rescaling formulation
play complementary roles. The profile equations describe the limiting singularity once the blowup rate,
traveling speed, and amplitude rates have settled to constants, while the dynamic equations describe
the evolution toward that limiting object. Numerically, this is essential: instead of resolving a structure
whose amplitude diverges and whose length scale collapses in physical variables, one follows a normalized
solution whose main profile remains order one in a fixed computational frame. The modulation parameters
provide direct diagnostics for the blowup scenario: if C(t), cu(t), and cω(t) converge, their limits give
the axial traveling speed, and the amplitude growth rates. If the rescaled profiles converge at the same
time, the computation gives more than evidence of singular growth. It gives a candidate self-similar
profile, the values of the scaling parameters, and the profile equations that the limiting object should satisfy.
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The dynamic rescaling formulation is the natural setting for stability. In the original physical variables,
a perturbation of a blowup solution can change the blowup time, shift the center location, or alter the
amplitude normalization. Such changes may appear as growth or drift even when the underlying profile is
stable. The normalization conditions remove these neutral directions by continuously recentering, rescaling,
and renormalizing the solution. After this gauge freedom has been fixed, stability becomes a question
about the evolution of genuine perturbations in the dynamically rescaled variables. A stable traveling
self-similar singularity is represented by a stable steady state of the dynamic rescaling equations: solutions
starting close to the profile should remain controlled, the modulation parameters should approach limiting
constants, and the rescaled solution should converge to the steady profile. In this formulation, finite-time
blowup in the original variables is linked to convergence toward a stable fixed point of the evolution.

3.1.2 Dynamic Rescaling Equations for the Euler Equations

As before, define the elliptic operator

E := ∂2r +
3

r
∂r + ∂2z . (S53)

The proposition below provides the axisymmetric Euler equations in the dynamically rescaled variables.

Proposition S3 (Dynamic rescaling equations for the Euler). In the dynamically rescaled variables, the
axisymmetric system takes the form

∂tu+
(
λr + ur

)
∂ru+

(
λz + C(t) + uz

)
∂zu = 2u∂zψ + cu(t)u, (S54)

∂tω +
(
λr + ur

)
∂rω +

(
λz + C(t) + uz

)
∂zω = 2u∂zu+ cω(t)ω, (S55)
−Eψ = ω, (S56)

with
ur = −r∂zψ, uz = 2ψ + r∂rψ, (S57)

and λ = 1/2.

Proof The derivation is provided in Appendix D.

Normalization conditions. When λ = 1/2 is fixed, the independent modulation parameters are C(t)
and cu(t). The vorticity amplitude rate is determined by

cω(t) = cu(t)−
1

2
. (S58)

Before the stability analysis, write the radial and axial transport coefficients of the numerically obtained
profile as

Gr(r, z) = λr + urnum(r, z), Gz(r, z) = λz + Cnum + uznum(r, z). (S59)

We choose an axial shift zshift so that the point (0, zshift) of the numerical profile becomes the analysis
origin. For this point to be a fixed point of the meridional flow, we require

Gr(0, zshift) = 0, Gz(0, zshift) = 0. (S60)
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The radial condition is automatic because urnum(0, z) = 0 on the axis. Using uznum(0, z) = 2ψnum(0, z), the
axial condition Gz(0, zshift) = 0 becomes the scalar equation

Cnum + λzshift + 2ψnum(0, zshift) = 0. (S61)

We impose this condition and choose zshift as a numerically certified root. Having fixed zshift, we recenter
each numerical profile field by

f̄(r, z) := fnum(r, z + zshift). (S62)

Denoting the constant term in the recentered axial transport by C̄, we continue to write the reference
transport coefficients as

Gr(r, z) = λr + ūr(r, z), Gz(r, z) = λz + C̄ + ūz(r, z). (S63)

With this notation, the imposed root condition gives

Gr(0, 0) = 0, Gz(0, 0) = C̄ + 2ψ̄0 = 0. (S64)

After applying this shift, set ū0 := ū(0, 0). We preserve the meridional fixed point and the amplitude at
the origin by imposing

C(t) + uz(0, 0, t) = 0, u(0, 0, t) = ū0. (S65)

The first condition keeps the reference meridional fixed point at the origin. The second keeps the amplitude
fixed there and therefore gives ∂tu(0, 0, t) = 0.

Limiting behaviour. If the dynamic rescaling captures a stable traveling self-similar blowup, the
rescaled solution should converge as rescaled time advances to a time-independent profile,

u(r, z, t) → u∞(r, z), ω(r, z, t) → ω∞(r, z), ψ(r, z, t) → ψ∞(r, z), (S66)

and the modulation parameters should converge to constants,

C(t) → C∞, cu(t) → cu,∞, cω(t) → cω,∞. (S67)

In that limit, the time derivatives in the dynamic rescaling equations disappear. The steady dynamic
equations are (

λ r + ur∞

)
∂ru∞ +

(
λ z + C∞ + uz∞

)
∂zu∞ = 2u∞ ∂zψ∞ + cu,∞ u∞, (S68)(

λ r + ur∞

)
∂rω∞ +

(
λ z + C∞ + uz∞

)
∂zω∞ = 2u∞ ∂zu∞ + cω,∞ ω∞, (S69)

with ur∞ = −r∂zψ∞ and uz∞ = 2ψ∞ + r∂rψ∞.

For the traveling-wave ansatz in (S13)–(S15), the limiting amplitude rates are

cu,∞ = −1, cω,∞ = −(1 + λ) = −3/2. (S70)

By writing (
u∞, ω∞ , ψ∞, C∞

)
=
(
U, Ω, Ψ, C

)
, (S71)

and substituting (S70) into (S68)–(S69), we see that the limiting dynamic equations agree with the
corresponding profile equations. In this sense, the traveling-wave profiles are fixed points of the appropriate
dynamically rescaled evolution.
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3.2 Linearization

In the present section, we derive the perturbation equations around a steady state of the dynamically
rescaled system. We then separate the terms that are linear in the perturbation from the higher-order
remainders. The linearized equations identify the operator whose stability determines whether the candidate
blowup profile is attracting to first order in the rescaled variables.

3.2.1 Perturbations

We denote perturbations using δ’s in blue. We use the subscript 0 to denote evaluation at the origin
(r, z) = (0, 0). We perturb a given steady state

ū, ω̄, ψ̄, C̄, c̄u, c̄ω (S72)

of the dynamic rescaling equations, by writing

u = ū+ δu, ω = ω̄ + δω, ψ = ψ̄ + δψ, (S73)

C = C̄ + δC, cu = c̄u + δcu, cω = c̄ω + δcω. (S74)

The perturbation variables measure the difference between the evolving rescaled solution and the steady
blowup profile. The goal of linear stability analysis is to determine whether these perturbations remain
bounded, or preferably decay, under the dynamics obtained by linearizing around the steady state.

The perturbations must inherit the symmetries of the underlying steady state and therefore belong to the
same functional class. In particular, the parity and regularity conditions imposed on the rescaled variables
are inherited by δu, δω, and δψ, with the latter two coupled by the elliptic equation relating vorticity and
streamfunction. The perturbations must also decay at the far-field. The admissible perturbation class
includes the weighted regularity, integrability, trace, and boundary-flux assumptions used in the energy
estimates. In particular, the cutoff boundary-flux terms vanish as the cutoffs are removed. This ensures
that the perturbation equations remain in the same functional class as the steady profile.

For notational convenience, we will use δ as shorthand for the full list of perturbation variables,

δ := {δu, δω, δψ, δC, δcu, δcω}. (S75)

We also write the meridional velocity as

ur = ūr + δur, uz = ūz + δuz, (S76)

where
δur = −r ∂zδψ, δuz = 2 δψ + r ∂rδψ, (S77)

and also have
c̄ω = c̄u − λ, δcω = δcu. (S78)

Modulations and Normalization Conditions. The modulation parameters are fixed by normalization
conditions at the origin. We impose

C(t) + uz0(t) = 0, u0(t) = ū0. (S79)
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For the perturbations, these conditions give

δC + 2δψ0 = 0, δu0 = 0, (∂tδu)0 = 0. (S80)

These normalization conditions fix the axial translation and amplitude normalization associated with C(t)
and cu(t). The spatial rate λ = 1/2 has already been fixed. They are essential for formulating linear
stability in the modulated variables, since otherwise the perturbation could drift along symmetry directions
rather than measuring a genuine change in the profile.

3.2.2 Choice of Variables for the Linear Stability Analysis

The reduced variables u and ω do not transform in the same way under rescaling (see Appendix F). Indeed,
the scaling of the full three-dimensional fields induces the following scaling of the reduced variables:

uη(r, z, t) = ηα+1u(ηr, ηz, ηα+1t), ωη(r, z, t) = ηα+2ω(ηr, ηz, ηα+1t). (S81)

The relative scaling of u, ω, and ∇u is unchanged. Thus ω carries one extra factor of η relative to u,
reflecting the one-derivative relation between the underlying full velocity and vorticity fields. By contrast,

ωη(r, z, t) = ηα+2ω(ηr, ηz, ηα+1t), ∇uη(r, z, t) = ηα+2(∇u)(ηr, ηz, ηα+1t). (S82)

Therefore ω and ∇u are the natural pair of quantities in a scale-consistent linear stability analysis.
Quantities with different scaling correspond to different differential orders, so comparing them directly
mixes objects of different analytic strength. For this reason, instead of using the equations for (∂tδω, ∂tδu),
the stability analysis is formulated using the equations for ∂tδω, ∂t∂zδu, ∂t∂rδu. We collect the associated
perturbations into the scale-consistent perturbation vector

δv := (δω,∇δu) = (δω, ∂rδu, ∂zδu), (S83)

and for compact notation, we also set

δvω := δω, δvr := ∂rδu, δvz := ∂zδu. (S84)

3.2.3 Perturbation Equations

Linearization consists of expanding the perturbation equation around the candidate blowup profile and
retaining only the terms that are first order in the perturbation. The resulting linearized equation gives
the leading-order dynamics of small disturbances near the profile. The discarded terms are collected
in nonlinear remainders, which record the higher-order interactions among the perturbations. The full
derivations of the linearized and modulation equations are given in Appendix G.

We start from the dynamic rescaling equations (S54)–(S56):

∂tu+
(
λr + ur

)
∂ru+

(
λz + C(t) + uz

)
∂zu = 2u∂zψ + cu(t)u, (S85)

∂tω +
(
λr + ur

)
∂rω +

(
λz + C(t) + uz

)
∂zω = 2u∂zu+ cω(t)ω, (S86)
−Eψ = ω. (S87)
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Here,
ur = −r∂zψ, uz = 2ψ + r∂rψ, (S88)

and E is the elliptic operator

E := ∂2r +
3

r
∂r + ∂2z . (S89)

Substituting (S73)–(S74), subtracting the steady-state equations, re-centering the modulation coefficients
as specified below, and separating linear terms from nonlinear terms in the perturbations gives

∂tδu = Lu(δ) +Nu(δ) + Ru, ∂tδω = Lω(δ) +Nω(δ) + Rω. (S90)

The raw profile residuals Rraw
u and Rraw

ω account for the fact that the numerical profiles are not exact:

Rraw
u = −(λr + ūr)∂rū− (λz + C̄ + ūz)∂zū+ 2ū∂zψ̄ + c̄uū, (S91)

Rraw
ω = −(λr + ūr)∂rω̄ − (λz + C̄ + ūz)∂zω̄ + 2ū∂zū+ (c̄u − λ)ω̄. (S92)

We also define the residual amplitude offset

cu,res := −Rraw
u (0)

ū0
, (S93)

under the nondegeneracy condition ū0 ̸= 0.

We absorb this fixed offset into the reference amplitude rate. From this point onward, δC and δcu denote
the variable modulation coefficients, so that

C = C̄ + δC, cu = c̄u + cu,res + δcu, cω = c̄ω + cu,res + δcu. (S94)

The residuals used in the perturbation equations are

Ru := Rraw
u + cu,res ū, (S95)

Rω := Rraw
ω + cu,res ω̄. (S96)

The linearized u-operator and ω-operator are

Lu(δ) :=
(
2∂zψ̄ + c̄u + cu,res

)
δu−

(
λr + ūr

)
∂rδu−

(
λz + C̄ + ūz

)
∂zδu+

(
2ū+ r ∂rū

)
∂zδψ

−
(
r ∂zū

)
∂rδψ −

(
2∂zū

)
δψ − (∂zū) δC + ū δcu, (S97)

Lω(δ) := (c̄u + cu,res − λ) δω −
(
λr + ūr

)
∂rδω −

(
λz + C̄ + ūz

)
∂zδω + 2(∂zū) δu+ 2ū ∂zδu

− 2(∂zω̄) δψ + r (∂rω̄) ∂zδψ − r (∂zω̄) ∂rδψ − (∂zω̄) δC + ω̄ δcu. (S98)
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The nonlinear remainders are

Lω(δ) = r ∂zδψ ∂rδu− (δC + (2δψ + r∂rδψ)) ∂zδu+ 2 δu ∂zδψ + δcu δu, (S99)
Nω(δ) = − δur∂rδω − (δC + δuz) ∂zδω + 2 δu ∂zδu+ δcu δω, (S100)

The elliptic relation (S300) is already linear, so

−Eδψ := −
(
∂2r +

3

r
∂r + ∂2z

)
δψ = δω. (S101)

Consequently, δψ is not an independent dynamical unknown: it is recovered from δω through this elliptic
equation, and then δur and δuz are recovered from (S77).

3.2.4 Differentiated Equations for the Scale-Consistent Variables

Since the scale-consistent variables are ω and ∇u, we differentiate the δu-equation:

∂t∂rδu = Lr(δ) +Nr(δ) + Rr, ∂t∂zδu = Lz(δ) +Nz(δ) + Rz, (S102)

where we denote

Lr(δ) := ∂rLu(δ), Nr(δ) := ∂rNu(δ), Lz(δ) := ∂zLu(δ), Nz(δ) := ∂zNu(δ), (S103)

and
Rz := ∂zRu, Rr := ∂rRu. (S104)

Differentiating the Lu expressions gives

Lr(δ) = − (λr + ūr) ∂rrδu− (λz + C̄ + ūz) ∂zrδu+
(
2∂zψ̄ + c̄u + cu,res − λ− ∂rū

r
)
∂rδu

− (∂rū
z) ∂zδu+ 2∂rzψ̄ δu+ (2ū+ r∂rū) ∂zrδψ +

(
3∂rū+ r∂rrū

)
∂zδψ − r(∂zū) ∂rrδψ

−
(
3∂zū+ r∂rzū

)
∂rδψ − 2∂rzū δψ − (∂rzū) δC + (∂rū) δcu, (S105)

Lz(δ) = − (λr + ūr) ∂rzδu− (λz + C̄ + ūz) ∂zzδu+
(
2∂zψ̄ + c̄u + cu,res − λ− ∂zū

z
)
∂zδu

− (∂zū
r) ∂rδu+ 2∂zzψ̄ δu+ (2ū+ r∂rū) ∂zzδψ +

(
r∂rzū

)
∂zδψ − r(∂zū) ∂rzδψ

− r(∂zzū) ∂rδψ − 2∂zzū δψ − (∂zzū) δC + (∂zū) δcu. (S106)

The differentiated nonlinear remainders are

Nr(δ) = (∂zδψ + r∂rzδψ) ∂rδu+ r∂zδψ ∂rrδu− (3∂rδψ + r∂rrδψ) ∂zδu (S107)
− (δC + (2δψ + r∂rδψ)) ∂zrδu+ 2(∂rδu)(∂zδψ) + 2δu ∂zrδψ + δcu ∂rδu,

Nz(δ) = r(∂zzδψ) ∂rδu+ r(∂zδψ) ∂rzδu− (2∂zδψ + r∂rzδψ) ∂zδu (S108)
− (δC + (2δψ + r∂rδψ)) ∂zzδu+ 2(∂zδu)(∂zδψ) + 2δu ∂zzδψ + δcu ∂zδu,
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3.2.5 Modulation Equations

The modulation equations are obtained in Appendix G by imposing the normalization conditions (S80).
They express the perturbations of the rescaling parameters in terms of the profile and its perturbations
evaluated at the origin. The translation formula is the perturbation of the stagnation condition C +uz0 = 0.
For the amplitude formula, we differentiate the normalization u0 = ū0 in time, evaluate the u-equation at
the meridional fixed point, and solve the resulting identity for δcu.

With the fixed residual amplitude offset already absorbed into the reference coefficient, the modulation
coefficients are

δC = −2δψ0, δcu = −2(∂zδψ)0. (S109)

Both δC and δcu are linear in the perturbation. Products such as δC ∂zδu and δcu δu remain ordinary
quadratic nonlinear terms. These equations determine the two modulation variables from the perturbations.

3.2.6 Closed Linearized Variables

In terms of δv, the closed linearized system may be written schematically as

∂tδv = L∇δv, (S110)

or equivalently in components:

∂t

 δω
∂rδu
∂zδu

 = L∇

 δω
∂rδu
∂zδu

 . (S111)

The operator L∇ includes transport by the steady rescaled flow, coupling between δu and δω, elliptic
recovery of δψ, velocity reconstruction, and the linearized modulation terms.

3.3 Weighted Norms and Energy

3.3.1 Weighted Norms

The stability estimates are measured in weighted norms adapted to the candidate blowup profile and to
the damping structure of the linearized operator. For this purpose, define

Φω, Φr, Φz : D → (0,∞) (S112)

to be the positive weight functions assigned respectively to the three components of δv, on the half-plane

D = {(r, z) : r ≥ 0, z ∈ R}. (S113)

More explicitly, Φω weights the vorticity perturbation δω, Φr weights ∂rδu, and Φz weights ∂zδu. We
denote the collection of weights by

Φ := (Φω,Φr,Φz). (S114)

For a positive scalar weight ϕ, define the associated inner product and norm by

∥f∥2ϕ :=

∫
D
|f |2ϕdr dz, ⟨f, g⟩ϕ :=

∫
D
fg ϕ dr dz. (S115)
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Given vector quantities q := (qω, qr, qz), and q̃ := (q̃ω, q̃r, q̃z), we define the corresponding Φ-weighted norm
and Φ-weighted inner product by

∥q∥2Φ := ∥qω∥2Φω + ∥qr∥2Φr + ∥qz∥2Φz . (S116)

⟨q, q̃⟩Φ := ⟨qω, q̃ω⟩Φω + ⟨qr, q̃r⟩Φr + ⟨qz, q̃z⟩Φz . (S117)

3.3.2 Low-Order Weighted Energy.

The low-order energy uses the three singular weights Φω, Φr, Φz, and is defined as the Φ-norm of δv:

E0(t) := ∥δv(t)∥Φ, i.e. E0(t)
2 = ∥δω(t)∥2Φω + ∥∂rδu(t)∥2Φr + ∥∂zδu(t)∥2Φz . (S118)

The three weights Φω, Φr, Φz are kept separate because the damping calculation acts on the three
components of δv in different ways. The purpose of the weighted energy is to make the coercive part of the
linear part produce a positive damping constant ΛL > 0. A discussion of the constraints that the weight
functions Φω, Φr, and Φz must satisfy in our setting is provided in Section 3.3.5.

While the low-order energy remains the main source of damping, it is not sufficient by itself to close the
estimates since the linear and nonlinear terms contain terms which cannot be controlled using a weighted
L2 norm, such as terms that must be controlled in L∞, as well as modulation factors and pointwise
quantities evaluated at the origin, such as (∂zδu)0 and (∂zδω)0.

3.3.3 High-Order Weighted Energy.

To control the linear and nonlinear terms which cannot be controlled in the low-order weighted energy E0,
we supplement E0 with a high-order weighted energy Hk, chosen so that the top derivatives provide the
required pointwise, interpolation, elliptic, and modulation bounds.

The high-order part uses the higher-order weight functions

Φi,k := 1 + ρ kΦi, ρ(r, z) := r2 + z2, i ∈ {ω, r, z}. (S119)

The factor ρ k = |(r, z)|2k compensates for the loss of k powers under differentiation near the origin. If f
has local order |(r, z)|m, then Dkf has local order |(r, z)|m−k; consequently, the factors |Dkf |2ρ,kΦi and
|f |2Φi have the same local power of |(r, z)|. The added 1 prevents the high-order weight from degenerating
at the origin and gives the direct bound

Φi,k = 1 + ρkΦi ≥ 1, ∥Dkf∥L2(D) ≤ ∥Dkf∥Φi,k . (S120)

We then define the high-order weighted energy

H2
k :=

∑
|α|=k

∥Dαδω∥2Φω,k +
∑
|α|=k

∥Dα∂rδu∥2Φr,k +
∑
|α|=k

∥Dα∂zδu∥2Φz,k . (S121)
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3.3.4 Full Energy.

The full energy used for the stability argument is obtained as

E2
k := E2

0 + µkH
2
k, 0 < µk ≤ 1. (S122)

The parameter µk is chosen only small enough so the low-order damping absorbs the low-order loss coming
from the differentiated linear estimate, but also large enough so that the differentiated damping absorbs
the top-order loss left by the low-order linear estimate.

Choosing k. The order of the top derivative k should be chosen large enough so that the energy controls
all point values, products, commutators, and elliptic or streamfunction terms used in the estimates. The
modulation formulas require the origin values

δψ0, (∂zδψ)0, (Eδu)0. (S123)

In two dimensions, a point value of a derivative of order m is controlled by Sobolev norms through
order m+ 2. The largest origin derivative in (S123) has order one, so the modulation formulas require
k ≥ 3. Independently, the reverse allocation in the top-order transport commutators places a factor of
derivative order at most two in L∞, and the corresponding H2-to-L∞ estimate again uses derivatives
through order four. The lowest admissible choice is thus k = 4. Larger choices of k are possible, but
they increase combinatorially the number of profile derivatives and analytic constants that must be certified.

Remark on intermediate derivative orders. Intermediate derivative orders 0 < j < k do not need
to be included explicitly in the definition of the full energy. Indeed, for each such j, we derive in our
companion paper [18] the certified interpolation bound∑

|α|=j

∥Dαf∥Φi,j ≤ ηi,j
∑
|α|=k

∥Dαf∥Φi,k + Ii,j,k(ηi,j)∥f∥Φi . (S124)

Thus, every intermediate-order term is controlled by a combination of the top-order and low-order energy
levels. In each product estimate, these two contributions are kept separate until Young’s inequality is
applied: the top-order term is absorbed by the available H2

k damping, while the low-order term is controlled
by E2

0. The finite family of parameters ηi,j is chosen so that the total top-order interpolation contribution
remains strictly below the available differentiated damping.

3.3.5 Constraints on the Weight Functions

Each weight function Φi for i ∈ {ω, r, z}, is required to satisfy the following conditions.

1. Positivity and coercivity. There is a constant Cfloor > 0 such that

Φi(r, z) ≥ Cfloor for almost every (r, z) ∈ D. (S125)

This prevents the weighted norm from becoming weak in a region where the perturbation must still
be controlled.
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2. Near-origin admissibility. Each weight function Φi may have its own singularity rate at the origin.
We require only local integrability, without imposing a common exponent or a comparison between
different components. For certification, one convenient sufficient condition is

Φi(r, z) ≤ Ci(r
2 + z2)−pi , 0 < r2 + z2 ≤ ρi, 0 ≤ pi < 1, (S126)

where Ci, ρi, and pi are chosen separately for each component. The condition pi < 1 guarantees
local integrability in two dimensions. This power-law model is only a sufficient criterion, and a direct
local-integrability certificate may be used instead.

3. Regularity. Away from the origin, C1 regularity is enough for the basic weighted integrations by
parts. When a later estimate differentiates Φi or Φi,k further, the required derivatives are assumed
to exist on that region and to satisfy the corresponding certified bounds. In the computer-assisted
implementation, we use smooth parametrizations with C∞ activation functions, which meet these
requirements and are convenient for gradient-based optimization.

4. Far-field growth needed for velocity control. There are constants ρgrowth, cgrowth > 0 such that

min{Φr,Φz} ≥ cgrowth ρ whenever ρ ≥ ρgrowth, ρ = r2 + z2. (S127)

This lower growth condition is used to recover the unweighted L2 control of δu needed in the global
pointwise estimate.

5. (Optional) Normalization. When the weight functions are optimized via gradient-based optimization,
it can be useful to fix a normalization for each weight function to remove the irrelevant scaling freedom.

6. (Optional) Evenness in r. Since the pointwise estimates use reflection across the axis, it is convenient
to choose the weights with the same even symmetry in r:

Φi(r, z) = Φi(−r, z). (S128)

This symmetry can be built directly into the weight parametrization.

3.4 Linear Stability Estimates

3.4.1 Low-Order Energy Linear Stability and the Need for Higher-Order Energy

Linear stability asks whether perturbations of solutions of the closed linearized system remain bounded or
decay in a suitable norm. In terms of δv, the desired estimate is

∥δv(t)∥Φ ≤ Ce−γt∥δv(0)∥Φ, γ > 0. (S129)

A standard rigorous way to prove (S129) is to establish the differential energy estimate

1

2

d

dt
E0(t)

2 = ⟨L∇δv, δv⟩Φ ≤ −ΛLE0(t)
2. (S130)
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This estimate gives a quantitative estimate for every solution of the closed linearized perturbation equation
in the specified weighted space. Integrating (S130) gives exponential decay of E0(t), and hence of the
scale-consistent perturbation δv, rather than merely a numerical or visual indication of convergence.

For a blowup profile, this is the relevant notion of stability: the original physical solution may still blow up,
but the normalized spatial profile is stable in the rescaled variables. Linear stability means that δu(t) → 0
and δω(t) → 0 under the linearized rescaled flow. Note that the blowup time, blowup location, and scaling
parameters may change under perturbation, but these changes are absorbed by the modulation parameters.

In spectral language, the idea is that the relevant spectrum of the closed linearized operator L∇ should lie
in the stable half-plane. In a numerical stability calculation, one discretizes L∇ and studies the eigenvalues
of the resulting matrix. Eigenvalues with negative real part correspond to decaying linear modes, while
eigenvalues with positive real part correspond to growing directions. Neutral modes may arise from
translation or amplitude normalization. The modulation conditions are designed to fix these directions,
so that the stability question concerns perturbations transverse to the artificial symmetry directions.
Thus, the role of the linearization is to produce the operator L∇ governing the first-order evolution of the
scale-consistent perturbation δv. The role of the linear stability analysis is to show that this operator has
no growing directions in the weighted energy E0, once the elliptic constraint, the velocity reconstruction,
and the modulation conditions are imposed. If such an estimate is proved, then the proposed rescaled
profile is linearly stable as a blowup profile.

However, the low-order energy is not sufficient by itself to close the linear estimates since the linear
operators contain terms which cannot be controlled using a weighted L2 norm. It is thus supplemented
with the high-order weighted energy Hk, to get an estimate of the form

1

2

d

dt
E0(t)

2 = ⟨L∇δv, δv⟩Φ ≤ −Λlow
L E2

0 + Λhigh
L H2

k. (S131)

3.4.2 Low-Order Linear Estimates

The low-order linear estimate to certify in the Euler setting is

⟨Lω, δω⟩Φω + ⟨∂rLu, ∂rδu⟩Φr + ⟨∂zLu, ∂zδu⟩Φz ≤ −Λlow
L E2

0 + Λhigh
L H2

k. (S132)

Here the constant Λlow
L > 0 is the net low-order linear damping and Λhigh

L ≥ 0 is the top-order loss from
direct estimates that require Hk.

3.4.3 High-Order Linear Estimates

We need to certify a top-order damping constant Λhigh
DαL > 0 and a low-order constant Λlow

DαL ≥ 0 such that∑
|α|=k

⟨DαLω, Dαδω⟩Φω,k +
∑
|α|=k

⟨Dα∂rLu, Dα∂rδu⟩Φr,k +
∑
|α|=k

⟨Dα∂zLu, Dα∂zδu⟩Φz,k

≤ Λlow
DαL E2

0 − Λhigh
DαLH2

k.

(S133)
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3.5 Nonlinear Stability Estimates

The linear stability analysis shows that the rescaled profile is stable under the first-order perturbation
dynamics, measured in the weighted low-order norm associated with Φω, Φr, and Φz. The nonlinear
stability argument upgrades this statement to the full perturbation equation. Its goal is to prove that, if
the initial perturbation is sufficiently small in a suitable energy, then the perturbation remains small for as
long as the estimates apply. In the case of an approximate numerical profile, the solution is allowed to
remain in a small neighborhood whose size also depends on the certified residual error.

The nonlinear stability proof is reduced to an energy estimate for the full energy Ek. Differentiating E2
k in

time and inserting the perturbation equations separates the argument into five distinct components: the
residual error, the low-order linear part, the high-order linear part, the low-order nonlinear part, and the
high-order nonlinear part. The residual records the defect of the approximate steady profile. The linear
terms contain the stabilizing mechanism: the low-order estimate gives the principal damping, while the
high-order estimate controls the differentiated equations, allowing only losses that can be absorbed by
the low-order energy after choosing µk. The nonlinear terms are then estimated perturbatively, with the
low-order and high-order contributions bounded by cubic and quartic powers of the full energy.

3.5.1 Low-Order Nonlinear Estimates

We start from the expressions (S100), (S107), (S108), for the nonlinear parts Ni for i ∈ {ω, r, z}.

We substitute the exact modulation formulas before separating linear and nonlinear terms:

δC = −2δψ0, δcu = −2(∂zδψ)0. (S134)

The precise low-order nonlinear estimate to prove is

|⟨Nω, δω⟩Φω + ⟨Nr, ∂rδu⟩Φr + ⟨Nz, ∂zδu⟩Φz | ≤ ΛN ,3 E
3
k. (S135)

3.5.2 High-Order Nonlinear Estimates

The precise high-order nonlinear estimate to prove is

µk

∣∣∣∣∣∣
∑

i∈{ω,r,z}

∑
|α|=k

⟨DαNi, D
αδvi⟩Φi,k

∣∣∣∣∣∣ ≤ ΛDαN ,3 E
3
k. (S136)

3.6 PDE Residuals

If the (ū, ω̄, ψ̄, λ̄, C̄, c̄u) profile is exact, the raw residuals below vanish. If the profile is numerical, these
are the defects obtained by substituting the profile into the steady equations:

Rraw
u := −(λr + ūr)∂rū− (λz + C̄ + ūz)∂zū+ 2ū∂zψ̄ + c̄uū, (S137)

Rraw
ω := −(λr + ūr)∂rω̄ − (λz + C̄ + ūz)∂zω̄ + 2ū∂zū+ (c̄u − λ)ω̄. (S138)
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The residuals entering the perturbation equations are

Ru := Rraw
u + cu,res ū, (S139)

Rω := Rraw
ω + cu,res ω̄. (S140)

The elliptic residual is not listed here because the spline representation of ω̄ is obtained by applying the
elliptic operator to ψ̄ exactly, as discussed in Section 2.3. As a result, the steady-state profile satisfies the
elliptic equation exactly, and the elliptic residual is exactly 0.

Define
Rr := ∂rRu, Rz := ∂zRu. (S141)

Then the low-order perturbation equations are

∂tδω = Lω(δ) +Nω(δ) +Rω, (S142)
∂t∂rδu = ∂rLu(δ) +Nr(δ) +Rr, (S143)
∂t∂zδu = ∂zLu(δ) +Nz(δ) +Rz. (S144)

Define the residual constants by separating the low-order and top-order pieces:

ΛR,Φ
2 := ∥Rω∥2Φω + ∥Rr∥2Φr + ∥Rz∥2Φz , (S145)

ΛDαR
2 :=

∑
|α|=k

(
∥DαRω∥2Φω,k + ∥DαRr∥2Φr,k + ∥DαRz∥2Φz,k

)
, (S146)

ΛR
2 := ΛR,Φ

2 + µkΛDαR
2. (S147)

Applying the Cauchy–Schwarz inequality gives∣∣∣∣∣∣
∑

i∈{ω,r,z}

⟨Ri, δvi⟩Φi + µk
∑

i∈{ω,r,z}

∑
|α|=k

⟨DαRi, D
αδvi⟩Φi,k

∣∣∣∣∣∣ ≤ ΛR Ek. (S148)

3.7 Stability Theorems

We are now ready to state the stability results for the Euler equations. Importantly, every named certifica-
tion constant attached to an analytic estimate is understood to be a rigorously validated finite numerical
value. Conceptually, the analytic argument identifies the constants that are needed, while the numerical
step certifies them once for the chosen profiles, weights, and parameters. The stability proofs are not
complete until appropriate constants have been certified numerically.

3.7.1 Single-Radius Stability Theorems

We now state the full stability theorem.
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Theorem S1 (Single-radius stability). Assume that the following perturbation equations hold for admissible
perturbations:

∂tδω = Lω(δ) +Nω(δ) +Rω, (S149)
∂t∂rδu = ∂rLu(δ) +Nr(δ) +Rr, (S150)
∂t∂zδu = ∂zLu(δ) +Nz(δ) +Rz. (S151)

Assume that the following estimates have been certified with finite constants:

⟨Lω, δω⟩Φω + ⟨∂rLu, ∂rδu⟩Φr + ⟨∂zLu, ∂zδu⟩Φz ≤ −Λlow
L E2

0 + Λhigh
L H2

k. (S152)∑
i∈{ω,r,z}

∑
|α|=k

⟨DαLi, Dαδvi⟩Φi,k ≤ Λlow
DαL E2

0 − Λhigh
DαLH2

k. (S153)

|⟨Nω, δω⟩Φω + ⟨Nr, ∂rδu⟩Φr + ⟨Nz, ∂zδu⟩Φz | ≤ ΛN ,3 E
3
k. (S154)

µk

∣∣∣∣∣ ∑
i∈{ω,r,z}

∑
|α|=k

⟨DαNi, D
αδvi⟩Φi,k

∣∣∣∣∣ ≤ ΛDαN ,3 E
3
k. (S155)

∣∣∣∣∣ ∑
i∈{ω,r,z}

⟨Ri, δvi⟩Φi + µk
∑

i∈{ω,r,z}

∑
|α|=k

⟨DαRi, D
αδvi⟩Φi,k

∣∣∣∣∣ ≤ ΛR Ek. (S156)

Choose µk so that 0 < µk ≤ 1 and

Λstab(µk) := min

{
Λlow
L − µkΛ

low
DαL, Λhigh

DαL −
Λhigh
L
µk

}
> 0. (S157)

After this choice of µk is fixed, write Λstab for the positive number Λstab(µk). Define the combined nonlinear
constants by

Λ3 := ΛN ,3 + ΛDαN ,3. (S158)

Assume that δ∗ > 0 satisfies

Λ3δ∗ +
ΛR
δ∗

< Λstab. (S159)

Then every solution with Ek(0) < δ∗ remains in the ball Ek(t) < δ∗ for as long as the solution exists and
the certified estimates apply.

Proof The proof is presented in Appendix I.
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The diagram below summarizes the strategy used for proving nonlinear stability.

Perturbation Equations
∂tδω = Lω(δ) +Nω(δ) +Rω, ∂t∂rδu = ∂rLu(δ) +Nr(δ) +Rr, ∂t∂zδu = ∂zLu(δ) +Nz(δ) +Rz.

−Eδψ = δω, with modulation coefficients δC and δcu

Perturbations

Stability Energy

∥f∥2ϕ :=

∫
D
|f |2ϕdr dz, ⟨f, g⟩ϕ :=

∫
D
fg ϕ dr dz, Φi,k := 1 + ρ kΦi, ρ := r2 + z2.

The singular base weights are Φω,Φr,Φz, while Φi,k are the compensated top-order weights.
Low-Order Energy E2

0 := ∥δω∥2Φω
+ ∥∂rδu∥2Φr

+ ∥∂zδu∥2Φz
,

Top-Order Energy H2
k :=

∑
|α|=k

∥Dαδω∥2Φω,k
+
∑
|α|=k

∥Dα∂rδu∥2Φr,k
+
∑
|α|=k

∥Dα∂zδu∥2Φz,k
,

Full Energy E2
k := E2

0 + µkH
2
k, 0 < µk ≤ 1

Weights and Energy

Analytic Results and Estimates
Sobolev extension and reflection theorems, Sobolev embeddings and interpolation, weighted
transport, and Leibniz estimates control lower-order factors and intermediate derivatives.

Elliptic and streamfunction PDE bounds, modulation estimates, and certified
operator and residual constants reduce all pairings to explicit bounds.

Theory

Low-Order and High-Order Linear Estimates
⟨Lω, δω⟩Φω + ⟨∂rLu, ∂rδu⟩Φr + ⟨∂zLu, ∂zδu⟩Φz ≤ −Λlow

L E2
0 + Λhigh

L H2
k,∑

i∈{ω,r,z}

∑
|α|=k

⟨DαLi, D
αδvi⟩Φi,k

≤ Λlow
DαLE

2
0 − Λhigh

DαLH
2
k

Linear

Low-Order and High-Order Nonlinear Estimates∣∣⟨Nω, δω⟩Φω + ⟨Nr, ∂rδu⟩Φr + ⟨Nz, ∂zδu⟩Φz

∣∣ ≤ ΛN ,3E
3
k

µk

∣∣∣∣∣ ∑
i∈{ω,r,z}

∑
|α|=k

⟨DαNi, D
αδvi⟩Φi,k

∣∣∣∣∣ ≤ ΛDαN ,3E
3
k

Nonlinear

Profile PDE Residual Estimates∣∣∣∑i∈{ω,r,z}⟨Ri, δvi⟩Φi
+ µk

∑
i∈{ω,r,z}

∑
|α|=k⟨DαRi, D

αδvi⟩Φi,k

∣∣∣ ≤ ΛREk

PDE Residual

Choose µk and the Stability Radius δ∗

Λstab(µk) := min

{
Λlow
L − µkΛ

low
DαL, Λ

high
DαL − Λhigh

L
µk

}
> 0,

choose δ∗> 0 with
(
ΛN ,3 + ΛDαN ,3

)
δ∗ +

ΛR

δ∗
< Λstab

Closure

Stability
If Ek(0) < δ∗, then Ek(t) < δ∗ for every later admissible time.

Thus the ball {Ek < δ∗} is forward invariant, which is the desired nonlinear stability statement

Stability

build the weighted energy

derive the analytic ingredients

obtain linear, nonlinear, and residual bounds

choose coupling and bootstrap radius

conclude the stability proof
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3.7.2 Two-Radii Stability Theorems

The single-radius certificate can be relaxed by prescribing separate target bounds for the low-order and
top-order energies. The same weighted energy argument still applies, provided the weighted ball is chosen
small enough to lie inside the desired two-radii region,

E0(t) < δ0, Hk(t) < δk, (S160)

with δ0 > 0 and δk > 0. These bounds are obtained from the same full energy E2
k = E2

0 + µkH
2
k.

For a chosen weight µk > 0, the invariant set is the weighted ball

{Ek(t) < δ}. (S161)

This ball is contained in the target set (S160) provided that

0 < δ ≤ min{δ0,
√
µk δk}, (S162)

since this implies

E0(t) ≤ Ek(t) < δ ≤ δ0, Hk(t) ≤
Ek(t)√
µk

<
δ

√
µk

≤ δk. (S163)

Theorem S2 (Two-radii nonlinear stability). Assume that the perturbation equations (S149)–(S151) hold
for admissible perturbations. Fix δ0 > 0 and δk > 0. Choose µk > 0 and δ > 0 satisfying

0 < δ ≤ min{δ0,
√
µk δk}. (S164)

Assume that the same certified estimates (S152)–(S156) of Theorem S1 hold, with the weighted energy

E2
k = E2

0 + µkH
2
k. (S165)

Assume that µk satisfies the stability condition

Λstab(µk) := min

{
Λlow
L − µkΛ

low
DαL, Λhigh

DαL −
Λhigh
L
µk

}
> 0. (S166)

After this choice of µk is fixed, write Λstab for the positive number Λstab(µk). Define

Λ3 := ΛN ,3 + ΛDαN ,3. (S167)

Assume that
Λ3δ +

ΛR
δ

< Λstab. (S168)

Then every solution with
E0(0)

2 + µkHk(0)
2 < δ2 (S169)

satisfies
E0(t) < δ0, Hk(t) < δk (S170)

for as long as the solution exists and the certified estimates apply.

Proof The weighted-energy part of the argument is identical to the single-radius argument in Theorem S1.
Thus, Ek(t) < δ for all times under consideration. It remains only to translate this invariant weighted ball
into the two separate target bounds. By the containment condition (S162),

E0(t) ≤ Ek(t) < δ ≤ δ0, Hk(t) ≤
Ek(t)√
µk

<
δ

√
µk

≤ δk. (S171)
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3.8 From Rescaled Stability to Physical Blowup

The nonlinear stability theorems provide control of an exact solution in dynamically rescaled variables,
where the concentrating core is kept at order-one scale and amplitude. By the exact dynamic-rescaling
change of variables, every finite rescaled time corresponds to an equivalent physical solution.

To obtain finite-time blowup from a trajectory that exists for all rescaled times, two facts remain to be
checked: the physical clock must have a finite limit, and undoing the normalization must force a physical
quantity to become unbounded. This subsection provides exactly this reconstruction.

Both checks are controlled by the amplitude scale su(t). The normalization fixes u(0, 0, t) = ū0 ̸= 0, where
ū0 is a constant, while

d̊t

dt
=

1

su(t)
. (S172)

Thus growth of su makes the remaining physical time small and, after undoing the amplitude normalization,
forces growth of the physical axial vorticity at the moving center. A uniform negative upper bound on
cu(t) is enough to produce this growth.

As defined in Section 1, t̊ denotes physical time, z̊c(t) the physical axial center, ω̃ the full physical vorticity,
and ωz its axial component.

Proposition S4 (Finite-time physical blowup from a signed amplitude rate). Consider the Euler equations
in the dynamic rescaling formulation above, with λ = 1/2. Assume that the exact admissible rescaled
solution exists for every t ≥ 0, remains in the corresponding stability ball, and satisfies the modulation
bounds throughout. Assume in addition that

cu(t) ≤ −γu < 0, t ≥ 0, (S173)

for some γu > 0. Then the physical time t̊(t) converges to a finite limit T , with

0 < T − t̊(t) ≤ e−γut

γu su(0)
. (S174)

The traveling center z̊c(t) converges to a finite physical location. Moreover, at the moving center the physical
axial vorticity satisfies ∣∣ωz(0, z̊c(t), t̊(t))∣∣ = 2|ū0| su(t) −→ ∞. (S175)

Consequently, since ωz is a component of the full physical vorticity ω̃,

∥ω̃(·, t̊(t))∥L∞(R3) −→ ∞, (S176)

and the reconstructed physical solution cannot be continued smoothly through T .

Proof The proof is given in Appendix J.

Certification of the sign condition. Since c̄u = −1 and cu = c̄u + cu,res + δcu, the modulation bounds
reduce (S173) to scalar checks. It is enough to verify

1− cu,res −M (1)
cu δ∗ > 0, (S177)

where M (1)
cu are constants that measure the sensitivity of the amplitude modulation parameter cu to the

perturbation. Its precise definition is given in the companion stability paper [18].
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Remark. This assumes that an exact admissible rescaled solution exists for every t ≥ 0 and remains in
the stability ball. The stability estimates provide control of such a solution only for as long as it exists. It
does not by itself prove all-time existence in rescaled time. To obtain an unconditional blowup theorem, the
stability estimate must be combined with a local well-posedness and continuation result showing that the
controlled rescaled solution cannot break down at any finite rescaled time. The residual of the numerical
profile does not cause any issue because its certified residual is already included in the perturbation equations.

3.9 Computer-Assisted Strategy for Proving Stability

Theorems S1 and S2 reduce the nonlinear stability problem to a finite-dimensional optimization problem.
The aim is to choose the weights so that the linear damping margin is larger than the optimized nonlinear
and residual error. For each candidate choice of weights, we compute the certified constants, optimize the
radius, and then update the weights until the closing inequality becomes strict. Once the weights are fixed,
the remaining optimization is only over the scalar radius δ. Decreasing δ reduces the cubic contributions,
while increasing δ reduces the residual contribution ΛR/δ. Thus the best radius balances these two effects,
and the outer search changes the weights to improve this balance.

The optimization loop proceeds as follows.

Step 1. Choose the class of admissible weight functions.

Start with a finite-dimensional parametrization of a class of admissible weight functions, chosen so that
the weights have the required positivity, regularity, and symmetries.

For each parameter value ϑ, write the low-order weights as

Φϑ =
(
Φω,ϑ,Φr,ϑ,Φz,ϑ

)
, (S178)

and define the order-k weights by

Φi,k,ϑ = 1 + ρkΦi,ϑ, ρ(r, z) = r2 + z2, i ∈ {ω, r, z}. (S179)

The optimization variables are the weight parameter ϑ and the relative top-order weight µk. In the
single-radius case of Theorem S1, one imposes 0 < µk ≤ 1. In the two-radii case of Theorem S2, one only
imposes µk > 0. In both cases the weighted energy is E2

k = E2
0 + µkH

2
k.

Choose an initial admissible candidate (ϑ, µk).

Step 2. Compute the linear damping for the current candidate.

For the current values of (ϑ, µk), compute

Λlow
L , Λhigh

L , Λlow
DαL, Λhigh

DαL. (S180)

The damping margin available for the combined energy is

Λstab := min

{
Λlow
L − µkΛ

low
DαL, Λ

high
DαL −

Λhigh
L
µk

}
. (S181)

If Λstab ≤ 0, the candidate cannot close the theorem, so we penalize this term and move to a new candidate.
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Step 3. Compute the nonlinear and residual constants.

If Λstab > 0, compute
Λ3 = ΛN ,3 + ΛDαN ,3. (S182)

For this candidate, the error that must be dominated by the damping is

Λ3δ +
ΛR
δ
. (S183)

Step 4. Optimize the radius and evaluate the gap.

For the current candidate, let Aδ(ϑ, µk) ⊂ (0,∞) denote the nonempty set of radii for which every
radius-dependent hypothesis used in the proof is valid.

In the single-radius case, the admissible condition is

δ ∈ Aδ(ϑ, µk). (S184)

In the two-radii case with prescribed target bounds δ0 > 0 and δk > 0, the admissible conditions are

δ ∈ Aδ(ϑ, µk), 0 < δ ≤ min{δ0,
√
µk δk}. (S185)

Define the optimized gap

J (ϑ, µk) := inf
δ admissible

(
Λ3δ +

ΛR
δ

)
− Λstab. (S186)

The candidate succeeds exactly when J (ϑ, µk) < 0. In this case, choose an admissible radius δ∗ such that

Λ3δ∗ +
ΛR
δ∗

< Λstab. (S187)

Step 5. Iterate the outer optimization.

The outer objective is the gap J (ϑ, µk).

One evaluation of this objective consists of Steps 2–4: compute the damping margin, compute the error
constants, optimize δ, and subtract the margin.

If J (ϑ, µk) < 0, the proof closes.

If J (ϑ, µk) ≥ 0, update (ϑ, µk) to decrease J , and repeat Steps 2–4.
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Step 6. Record the tentative certificate.

Once J < 0, record the weights and a selected admissible radius δ∗ satisfying (S187). The single-radius
certificate gives

Ek(t) < δ∗. (S188)

Provided that 0 < δ∗ ≤ min{δ0,
√
µkδk}, the two-radii certificate gives

E0(t) < δ0, Hk(t) < δk. (S189)

Step 7. Validate rigorously the tentative certificate.

Validate rigorously and analytically that the proof closes with the candidate weights. The final certificate
also verifies every radius-dependent admissibility guard at the selected radius δ∗.

We summarize the numerical strategy used to prove the stability theorems below

Algorithm 1. Loop for optimizing the nonlinear stability certificate

1. Initialize an admissible candidate (ϑ, µk).

2. Repeat the following loop.

a. Compute

Λstab = min

{
Λlow
L − µkΛ

low
DαL, Λ

high
DαL −

Λhigh
L
µk

}
. (S190)

If Λstab ≤ 0, penalize the candidate and update (ϑ, µk).

b. If Λstab > 0, compute ΛR and Λ3 = ΛN ,3 + ΛDαN ,3.

c. Determine the nonempty admissible set of radii for the current candidate, and compute

J (ϑ, µk) = inf
δ admissible

(
Λ3δ +

ΛR
δ

)
− Λstab. (S191)

d. If J < 0, select an admissible radius δ∗ satisfying (S187) and stop, the argument closes and
stability is proven.

e. If J ≥ 0, update (ϑ, µk) to decrease J , and repeat the loop.

3. Record the final weights, the selected admissible radius δ∗, and the resulting bounds.

4. Validate rigorously the tentative proof using analytic certificates, including every radius-dependent
admissibility guard at δ∗.
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4 Partial Results: Linear Damping

4.1 Objective and Scope

We now examine the signed linear damping mechanism that drives the stability argument. The objective
is to obtain a coercive linear contribution to the full weighted energy after the low-order and high-order
estimates are combined and the remaining linear terms are included.

The complete linear estimates we aim to prove have the two-level form∑
i∈{ω,r,z}

⟨Li, δvi⟩Φi ≤ −Λlow
L E2

0 + Λhigh
L H2

k, (S192)

∑
i∈{ω,r,z}

∑
|α|=k

⟨DαLi, Dαδvi⟩Φi,k ≤ Λlow
DαLE

2
0 − Λhigh

DαLH
2
k. (S193)

The four coefficients have complementary roles. The constant Λlow
L is the damping margin supplied by the

low-order estimate, while Λhigh
L measures the accompanying loss at top order. Conversely, Λhigh

DαL is the
damping margin supplied by the high-order estimate, while Λlow

DαL measures its accompanying low-order
loss. The purpose of the remainder of this section is to construct and certify these four constants.

The reason the two estimates must be considered together is already visible from their form. Multiplying
equation (S193) by µk and adding it to equation (S192) gives∑

i∈{ω,r,z}

⟨Li, δvi⟩Φi + µk
∑

i∈{ω,r,z}

∑
|α|=k

⟨DαLi, Dαδvi⟩Φi,k

≤ −
(
Λlow
L − µkΛ

low
DαL

)
E2
0 − µk

(
Λhigh
DαL −

Λhigh
L
µk

)
H2
k. (S194)

Thus neither estimate needs to be coercive in both energy levels by itself. A positive H2
k loss in the

low-order estimate can be absorbed by the negative high-order contribution, while a positive E2
0 loss in the

high-order estimate can be absorbed by the low-order damping. This is the basic role of the high-order
estimate in the argument.

It is therefore natural to define the net linear damping margin by

Λstab(µk) = min

{
Λlow
L − µkΛ

low
DαL, Λ

high
DαL −

Λhigh
L
µk

}
> 0. (S195)

The two quantities inside the minimum are precisely the damping margins for E2
0 and µkH

2
k in (S194).

A positive value of Λstab gives a genuinely coercive linear estimate before the nonlinear and residual
contributions are added. Unlike those later contributions, a missing linear sign cannot in general be
repaired simply by restricting to a smaller perturbation neighborhood.

The rest of the section is organized as follows. First, we construct the low-order signed matrix and identify
the pointwise criterion that yields low-order damping. Second, we choose admissible weights and certify
the low-order matrix on the finite computational box and in the analytic far field. Third, once this direct
low-order bound is established, we analyze any exceptional region where the same pointwise margin is not
available. Fourth, we construct the complete high-order signed matrix and combine its damping with that
low-order estimate. Finally, we incorporate the linear terms kept outside the two matrices, together with
the nonlinear and residual contributions, to obtain the closing stability condition.
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4.2 Low-Order Signed Damping Matrix

4.2.1 Transport Field and Retained Linear Terms

At low order, the question is whether the transport terms and a selected set of local linear couplings form
a negative quadratic form at almost every point. The selection is made so that every retained term acts
pointwise on the three variables already present in the low-order weighted energy and has a controlled
coefficient after the corresponding weight conversion. Terms with a different structure are kept outside the
pointwise matrix and estimated separately by specialized mechanisms adapted to them.

Recall that the transport field is

Gr = λr + ūr, Gz = λz + C̄ + ūz, (S196)

where

ūr = −r∂zψ̄, ūz = 2ψ̄ + r∂rψ̄. (S197)

Besides transport, the signed matrix retains the local diagonal coefficients multiplying δω, ∂rδu, and ∂zδu,
together with the two local r–z couplings between ∂rδu and ∂zδu. These are exactly the local terms that
can be represented in the same three-component pointwise quadratic form.

Note that the coupling term 2ū ∂zδu is kept outside the low-order signed matrix, because after passing to
the weighted variables its coefficient would contain 2ū

√
Φω/Φz, and the independent low-order singularity

rates of Φω and Φz do not by themselves guarantee that this multiplier is bounded. The complete low-order
term list and the precise partition between matrix and non-matrix terms are recorded in Appendix H.1.1.

4.2.2 Weighted Transport Contribution

The role of the weights is most transparent in the transport contribution. Assuming the boundary terms
vanish under the boundary and decay conditions used in the weighted energy estimate, integration by
parts gives

⟨−Gr∂rf −Gz∂zf, f⟩Φi = −1

2

∫
D

(
Gr∂r(f

2) +Gz∂z(f
2)
)
Φi dr dz

=
1

2

∫
D
|f |2 [∂r(GrΦi) + ∂z(GzΦi)] dr dz

=
1

2

∫
D
|f |2Φi (∂rGr + ∂zGz +Gr∂r log Φi +Gz∂z log Φi) dr dz.

(S198)

Thus the coefficient multiplying |f |2Φi is

1

2
(∂rGr + ∂zGz) +

1

2
(Gr∂r log Φi +Gz∂z log Φi) . (S199)

The first term is fixed by the divergence of the transport field. The second depends on the variation of the
weight along the transport direction and is thus the part that can be adjusted through the choice of Φi.
This is the basic mechanism by which the weights can improve the signed transport contribution.
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4.2.3 Explicit Low-Order Matrix

We introduce the weighted low-order state

dξ(r, z) =
(
Φ1/2
ω δω,Φ1/2

r ∂rδu,Φ
1/2
z ∂zδu

)⊤
,

∫
D
|dξ|2 dr dz = E2

0. (S200)

With the component order (ω, r, z), the retained low-order contribution is represented by a symmetric 3× 3
matrix ML(r, z). We now define its entries from the transport contribution and the retained local coefficients.

Transport coefficients. The derivatives of the transport field that enter the matrix are

∂rū
r = −∂zψ̄ − r∂rzψ̄, ∂zū

r = −r∂zzψ̄, (S201)
∂rū

z = 3∂rψ̄ + r∂rrψ̄, ∂zū
z = 2∂zψ̄ + r∂rzψ̄, (S202)

so that
∂rGr = λ+ ∂rū

r, ∂zGz = λ+ ∂zū
z. (S203)

For each i ∈ {ω, r, z}, we denote the transport contribution to the corresponding diagonal entry by

Di :=
1

2
(∂rGr + ∂zGz +Gr∂r log Φi +Gz∂z log Φi) . (S204)

Diagonal entries. The constant modulation offset cu,res is absorbed into the reference amplitude
coefficient and therefore contributes to the zeroth-order coefficients added to the transport contribution,
i.e.,

(ML)ωω = Dω + c̄u + cu,res − λ, (S205)
(ML)rr = Dr + 2∂zψ̄ + c̄u + cu,res − λ− ∂rū

r, (S206)
(ML)zz = Dz + 2∂zψ̄ + c̄u + cu,res − λ− ∂zū

z. (S207)

Cross entry. The two retained r–z couplings contribute to the same symmetric off-diagonal entry. After
converting each term to the weighted variables and symmetrizing the quadratic form, we obtain

(ML)rz = (ML)zr = −1

2

[
∂rū

z

(
Φr
Φz

)1/2

+ ∂zū
r

(
Φz
Φr

)1/2
]
. (S208)

There are no retained ω–r or ω–z entries at low order. In particular, the ω–z coupling term 2ū ∂zδu
discussed earlier remains outside the matrix because its weight conversion is not controlled by the low-order
weight assumptions.

Altogether, these entries form the symmetric matrix ML. By construction, the retained transport and
selected couplings contribute to the weighted energy through∫

D
dξ⊤ML(r, z)dξ dr dz. (S209)

The pointwise sign of this quadratic form is determined by the largest eigenvalue of ML:

λmax(ML(r, z)) < 0 ⇐⇒ η⊤ML(r, z)η < 0 for every η ̸= 0. (S210)

Thus −λmax(ML) is the local raw damping margin whenever the largest eigenvalue is negative.
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4.3 Low-order Damping Certification

4.3.1 Weight Optimization and Finite-Box Evaluation

Weight optimization. In the transport diagonal, the weight enters only through

Gr∂r log Φi +Gz∂z log Φi, i ∈ {ω, r, z}. (S211)

The free parameters in the admissible low-order weights are therefore chosen to improve the pointwise sign
of the complete matrix while preserving the admissibility conditions imposed on the low-order weights.
Because the r–z cross entry also depends on weight ratios, it is not sufficient to optimize the transport
diagonal component by component. The numerical objective is instead based on the largest eigenvalue of
the full symmetric matrix ML, with the aim of making its worst value as negative as possible and reducing
the size of any region where strict negativity fails.

For the optimized candidate, we evaluate λmax(ML(r, z)) throughout the finite half-plane box on which
the reference profile is represented by splines. The rigorous finite-box step is then to enclose the largest
eigenvalue with interval arithmetic, requiring a uniform negative upper bound on the region treated directly
and only a finite upper bound on any localized pieces introduced below. Numerically, the largest eigenvalue
is negative on almost all of the box, and the weakest margin is confined to small neighborhoods where
the meridional transport field is small. These locations are analyzed in Subsection 4.4. The numerical
evaluation identifies two low-transport neighborhoods: one around the normalized origin and one around a
single off-axis fixed point. Their treatment is determined by the sign of the full low-order matrix, not by
the smallness of the transport alone. Around the origin the full matrix remains in the directly damped
regime, whereas the off-axis neighborhood is the single region on which the uniform negative matrix margin
is not imposed and is therefore treated by localization.

The optimization step is used to identify a promising admissible set of weights. It is not itself the rigorous
damping certificate. Once a candidate set of weights is fixed, the largest eigenvalue of the resulting matrix
is evaluated on the computational box and then enclosed with interval arithmetic. The exterior region is
treated separately by the analytic tail argument discussed in the subsequent section.

4.3.2 Analytic Far-Field Closure

Define the numerical enclosure box by

Dbox := [0, Rbox]× [−Rbox, Rbox]. (S212)

On Dbox, the finite-box certification step consists of interval upper bounds for the largest eigenvalue of the
pointwise matrix as described in the previous subsection. To extend these bounds to the full half-plane, it
remains to control the exterior region D \ Dbox analytically.

Throughout the tail calculation,

λ =
1

2
, c̄u = −1. (S213)

The profile-dependent constant C̄ remains symbolic until the numerical certificate is evaluated.

In our spline representation, the steady profile and every profile derivative entering ML vanish exactly on
D \ Dbox. Then

ū = ω̄ = ψ̄ = 0, ūr = ūz = 0, Gr =
r

2
, Gz =

z

2
+ C̄. (S214)
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All retained cross couplings vanish in this region. As a result, the tail damping matrix is diagonal, and its
i-th diagonal entry is

−1 + cu,res +
1

4
(r∂r + z∂z) log Φi +

1

2
C̄ ∂z log Φi, i ∈ {ω, r, z}. (S215)

Scalar tail condition. It is sufficient to find γtail > 0 such that

sup
D\Dbox

[
(r∂r + z∂z) log Φi + 2C̄ ∂z log Φi

]
≤ 4(1− cu,res − γtail) (S216)

for every i ∈ {ω, r, z}. Substituting this bound into (S215) yields

λmax

(
ML(r, z)

)
≤ −γtail on D \ Dbox. (S217)

The weights can be continued analytically in the tail. For the polynomial-growth continuation,

Φi(r, z) = Cfloor + aiρ, ρ = r2 + z2, ai > 0, (S218)

with p = 1, the calculation in Appendix H.1.2 gives the sufficient condition(
1 +

2|C̄|
Rbox

)
< 2(1− cu,res). (S219)

Whenever this inequality holds, the tail matrix has a uniform strictly negative largest eigenvalue. Once
the finite-box interval enclosure is certified, combining it with this tail bound gives a pointwise low-order
matrix estimate on the entire half-plane except for any problematic small region of low transport on which
the uniform negative margin is not obtained.

4.4 Meridional Fixed Points and Localized Low-Order Control

4.4.1 Fixed Points and Low-Transport Regions

We found earlier that the low-order damping is weakest near locations where the meridional transport field
becomes small. We refer to (r⊙j , z

⊙
j ) as a meridional fixed point if the meridional transport field vanishes

there, i.e.,
Gr(r

⊙
j , z

⊙
j ) = 0, Gz(r

⊙
j , z

⊙
j ) = 0. (S220)

We also refer to a neighborhood in which√
|Gr(r, z)|2 + |Gz(r, z)|2 ≪ 1 (S221)

as a low-transport region.

The weight-dependent part of the low-order transport coefficient is

Gr∂r log Φi +Gz∂z log Φi. (S222)

At a meridional fixed point this contribution vanishes, and it becomes small in a low-transport neighborhood
when the logarithmic derivatives of the admissible weights remain controlled. This weakens the main
tunable contributions to the low-order diagonal entries, although it does not by itself determine the sign of
the full damping matrix, because the divergence term and the retained local coefficients remain present.
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Numerically, the meridional transport field has two fixed points in the computational domain. One lies
on the symmetry axis and is shifted to the origin by the normalization condition (S80), while the second
is off-axis. These two points are treated differently because Gr = Gz = 0 does not determine the sign
of the full low-order matrix. For the optimized candidate, the numerical evaluation indicates that the
remaining matrix terms are sufficient to keep a negative largest eigenvalue around the normalized origin,
so the origin remains in the region treated by the direct finite-box bound. Around the off-axis fixed
point, the same uniform negative margin is not imposed on a small neighborhood whose contribution is
controlled instead. Finally, the first derivatives of Gr and Gz may remain nonzero at both fixed points,
so the high-order transport commutators can provide a nontrivial damping mechanism even where the
low-order weight-dependent transport contribution vanishes.

4.4.2 Localized Matrix Estimate

To quantify the off-axis low-transport region without imposing the same pointwise margin there as on the
rest of the domain, we use a localized estimate. A uniform negative upper bound for λmax(ML) on the
entire half-plane would be sufficient for the integrated energy estimate, but it is stronger than necessary. A
failure of the pointwise margin at an isolated point has no effect on the integral, because a set of measure
zero carries no L2 mass. What must be controlled is a positive-measure neighborhood on which the uniform
negative margin is unavailable. The localized estimate permits such neighborhoods provided that the
weighted energy that can concentrate in them is quantitatively controlled.

Small measure of the neighborhood alone is not sufficient, since an L2 perturbation can concentrate most
of its mass in a small region. We thus combine two inputs: a uniform negative matrix bound on the
complement of the localized regions and a concentration estimate that controls the weighted energy inside
each localized piece by the global low-order and top-order energies. The low-order part of this concentration
estimate reduces the effective coefficient of E2

0, while the top-order part produces an additional H2
k term

that must be absorbed by the negative high-order matrix contribution after the high-order estimate is
weighted by µk.

Localized regions. Let the region on which the uniform low-order matrix margin is not obtained be a
finite union of pairwise disjoint measurable pieces

Dloc
L =

⋃
ℓ∈Iloc

L

Bℓ, D = Ddamp
L ∪ Dloc

L , Ddamp
L ∩ Dloc

L = ∅. (S223)

We keep the notation above in a general finite-union form because the same argument would apply if several
disjoint low-transport regions had to be localized. In the present computation, however, I loc

L = {ℓoff}
and Bℓoff is the single neighborhood of the unique off-axis fixed point. In particular, Bℓoff stays a positive
distance from the origin, which is useful for the concentration estimate because the low-order weights are
singular only at the origin and are therefore bounded on Bℓoff .

Inputs for the localized certificate. Once the finite-box enclosure is validated, the direct-region
constant Λdamp

L can be chosen as the minimum of the certified finite-box margin on the directly treated
portion of Dbox and the analytic tail margin γtail. On Ddamp

L , we then require

λmax

(
ML(r, z)

)
≤ −Λdamp

L (r, z) ∈ Ddamp
L , Λdamp

L > 0. (S224)

On each localized piece, we require the finite upper bound

λmax

(
ML(r, z)

)
≤ Λloc,ℓ

L (r, z) ∈ Bℓ, Λloc,ℓ
L ≥ 0. (S225)
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Thus the largest eigenvalue is uniformly negative on Ddamp
L , while on each Bℓ only a finite upper bound is

required.

The second input is a concentration estimate of the form∫
Bℓ

|dξ|2 dr dz ≤ m0,loc,ℓ
L E2

0 +mk,loc,ℓ
L H2

k, ℓ ∈ I loc
L , (S226)

with nonnegative constants m0,loc,ℓ
L and mk,loc,ℓ

L . The first coefficient measures the part of the localized
weighted mass controlled at low order. The second measures the part that must be controlled through the
top-order energy.

Effective matrix estimate. Define

γℓ := Λdamp
L + Λloc,ℓ

L . (S227)

Using the domain split and
∫
D |dξ|2 = E2

0,∫
D
dξ⊤MLdξ dr dz ≤ −Λdamp

L E2
0 +

∑
ℓ∈Iloc

L

γℓ

∫
Bℓ

|dξ|2 dr dz. (S228)

Define

Λmat,loc
L := Λdamp

L −
∑
ℓ∈Iloc

L

γℓm
0,loc,ℓ
L , (S229)

Ak,locL :=
∑
ℓ∈Iloc

L

γℓm
k,loc,ℓ
L . (S230)

Then the concentration estimate gives∫
D
dξ⊤MLdξ dr dz ≤ −Λmat,loc

L E2
0 +Ak,locL H2

k. (S231)

Thus localization reduces the effective low-order matrix margin from Λdamp
L to Λmat,loc

L and introduces the
top-order term Ak,locL H2

k. To retain a genuine low-order damping term, the localized certificate must in
particular satisfy Λmat,loc

L > 0. The next subsection constructs the high-order matrix and provides the
negative H2

k contribution that is compared directly with Ak,locL H2
k.

4.5 High-Order Signed Damping Matrix

4.5.1 High-Order Transport Commutators and Meridional Fixed Points

The first transport commutators depend on the full Jacobian of the meridional transport field,

∂rGr = λ+ ∂rū
r, ∂zGr = ∂zū

r, ∂rGz = ∂rū
z, ∂zGz = λ+ ∂zū

z. (S232)

We consider α = (q, k − q) with 0 ≤ q ≤ k and apply Dα to Gr∂rf +Gz∂zf . The top-order commutator
terms are exactly those in which one derivative lands on Gr or Gz. Each such term still contains k
derivatives of f , so it belongs to the top-order signed matrix rather than to a lower-order remainder. Terms
in which at least two derivatives land on the transport coefficients contain at most k − 1 derivatives of the
perturbation.
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Top-order derivative variables. For 0 ≤ q ≤ k, set

Vi,q := ∂qr∂
k−q
z δvi, i ∈ {ω, r, z}. (S233)

Here q is the number of r-derivatives and k−q is the number of z-derivatives. The neighboring terms in the
formula below occur only when the corresponding derivative is available: the Vi,q−1 term carries a factor q
and therefore disappears when q = 0, while the Vi,q+1 term carries a factor k−q and disappears when q = k.

For each (i, q), the complete top-order contribution coming from high-order transport and its first
commutators is

−Gr∂rVi,q −Gz∂zVi,q −
(
q ∂rGr + (k − q) ∂zGz

)
Vi,q − q ∂rGz Vi,q−1 − (k − q) ∂zGr Vi,q+1. (S234)

The first two terms transport the top derivative itself. The coefficient of Vi,q contains the two diagonal
commutator contributions q∂rGr and (k − q)∂zGz. The index shifts can be read directly from the Leibniz
rule. In the term Gz∂zf , if one of the q r-derivatives falls on Gz, then only q− 1 r-derivatives remain on f ,
while the original ∂z supplies one additional z-derivative. This gives Vi,q−1 with coefficient q ∂rGz. Similarly,
in Gr∂rf , if one of the k − q z-derivatives falls on Gr, the perturbation factor gains one r-derivative and
loses one z-derivative, giving Vi,q+1 with coefficient (k − q) ∂zGr.

These are all of the transport contributions that remain at top perturbation order.

Behavior at a meridional fixed point. This is precisely where the high-order estimate differs from the
low-order one. At low order, the tunable weight contribution is proportional to Gr and Gz and therefore
vanishes at a meridional fixed point. At high order, the first commutators contain derivatives of the
transport field, such as ∂rGr, ∂zGz, ∂rGz, and ∂zGr. These quantities need not vanish when Gr = Gz = 0,
so the high-order transport matrix can retain a nontrivial signed contribution at the fixed point.

After weighted integration by parts, the transport contribution to the diagonal (i, q) entry contains

D
(k),tr
i,q =

1

2
(∂rGr + ∂zGz +Gr∂r log Φi,k +Gz∂z log Φi,k)− q ∂rGr − (k − q) ∂zGz. (S235)

At a meridional fixed point, the terms multiplied by Gr and Gz vanish, while the derivatives of the
transport field remain, so

D
(k),tr
i,q (r⊙j , z

⊙
j ) =

(
1

2
− q

)
∂rGr(r

⊙
j , z

⊙
j ) +

(
1

2
− (k − q)

)
∂zGz(r

⊙
j , z

⊙
j ). (S236)

The neighboring derivative couplings also retain the cross derivatives ∂zGr and ∂rGz. Thus the high-
order transport contribution can remain nontrivial even where the low-order weight-dependent transport
contribution vanishes or becomes weak. This observation explains why high-order damping is available
as a complementary mechanism near the fixed points, although its sign is determined only after the full
high-order matrix is assembled.

4.5.2 Complete High-Order Signed Matrix

The high-order transport contribution described in the previous subsection determines the transport part of
the top-order matrix. It remains to add the linear terms for which all k derivatives stay on the perturbation.
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These terms are, component by component,

ω-term : (c̄u − λ+ cu,res)Vω,q + 2ū Vz,q, (S237)
r-term :

(
2∂zψ̄ + c̄u − λ− ∂rū

r + cu,res
)
Vr,q − ∂rū

z Vz,q, (S238)
z-term : − ∂zū

r Vr,q +
(
2∂zψ̄ + c̄u − λ− ∂zū

z + cu,res
)
Vz,q. (S239)

These are exactly the local terms for which all k derivatives remain on the perturbation. If a derivative
lands on one of their spatially varying coefficients, the resulting perturbation factor has order at most k− 1
and is treated as a remainder.

As in the low-order construction, it is convenient to write the signed quadratic form directly as a symmetric
matrix. Order the weighted top derivatives by component and derivative index:

Vk :=
(
Φ
1/2
ω,kVω,0, . . . ,Φ

1/2
ω,kVω,k,Φ

1/2
r,k Vr,0, . . . ,Φ

1/2
r,k Vr,k,Φ

1/2
z,k Vz,0, . . . ,Φ

1/2
z,k Vz,k

)⊤
. (S240)

With this ordering, the matrix separates into diagonal (i, q) terms, neighboring q-couplings within each
component, and same-q cross-component couplings.

The matrix M(k),full
L is indexed by the pairs (i, q), with i ∈ {ω, r, z} and 0 ≤ q ≤ k:

M(k),full
L =

[(
M(k),full

L

)
(i,q),(j,p)

]
i,j∈{ω,r,z}
0≤q,p≤k

, M(k),full
L =

(
M(k),full

L

)⊤
. (S241)

Diagonal entries. The diagonal entries are obtained exactly as in the low-order matrix: weighted
integration by parts contributes the transport divergence and weight-gradient terms, the first commutators
contribute the terms proportional to q and k−q, and equations (S237)–(S239) contribute the local diagonal
coefficients. Explicitly, for 0 ≤ q ≤ k,(

M(k),full
L

)
(ω,q),(ω,q)

=
1

2
(∂rGr + ∂zGz +Gr∂r log Φω,k +Gz∂z log Φω,k)

+ c̄u − λ+ cu,res − q ∂rGr − (k − q) ∂zGz, (S242)(
M(k),full

L

)
(r,q),(r,q)

=
1

2
(∂rGr + ∂zGz +Gr∂r log Φr,k +Gz∂z log Φr,k)

+ 2∂zψ̄ + c̄u − λ− ∂rū
r + cu,res − q ∂rGr − (k − q) ∂zGz, (S243)(

M(k),full
L

)
(z,q),(z,q)

=
1

2
(∂rGr + ∂zGz +Gr∂r log Φz,k +Gz∂z log Φz,k)

+ 2∂zψ̄ + c̄u − λ− ∂zū
z + cu,res − q ∂rGr − (k − q) ∂zGz. (S244)

Same-component off-diagonal entries. For a fixed component i, equation (S234) couples Vi,q only to
the neighboring derivative splits Vi,q−1 and Vi,q+1. After symmetrization, each same-component block is
therefore tridiagonal in the derivative index q: its only off-diagonal entries connect adjacent indices (i, q)
and (i, q + 1). For 0 ≤ q < k,(

M(k),full
L

)
(i,q),(i,q+1)

=
(
M(k),full

L

)
(i,q+1),(i,q)

= −1

2
[(k − q) ∂zū

r + (q + 1) ∂rū
z] . (S245)
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Cross-component entries. The cross-component entries are obtained as in the low-order matrix by
keeping each coefficient together with its required weight conversion and then symmetrizing. For 0 ≤ q ≤ k,(

M(k),full
L

)
(ω,q),(z,q)

=
(
M(k),full

L

)
(z,q),(ω,q)

= ū

(
Φω,k
Φz,k

)1/2

, (S246)

(
M(k),full

L

)
(r,q),(z,q)

=
(
M(k),full

L

)
(z,q),(r,q)

= −1

2

[
∂rū

z

(
Φr,k
Φz,k

)1/2

+ ∂zū
r

(
Φz,k
Φr,k

)1/2
]
. (S247)

For the ω–z entry, the quantity to certify is the complete multiplier ū
√
Φω,k/Φz,k. Near the origin,

Φi,k = 1 + ρkΦi and ρkΦi → 0, so both high-order weights tend to 1 and this multiplier has no singular
weight-conversion obstruction there. On the rest of the finite box and on the tail, the complete product is
enclosed directly.

There are no ω-r entries. There are also no cross-component entries with different derivative indices q ≠ p.

Together with symmetry, equations (S242)–(S247) therefore specify every entry of M(k),full
L .

High-order matrix certificate. The high-order sign is tested on the complete symmetric matrix,
because the off-diagonal derivative and component couplings can affect the largest eigenvalue even when
all diagonal entries are negative. The required certificate is

ess sup
(r,z)∈D

λmax

(
M(k),full

L (r, z)
)
≤ −Λfull

DαL < 0. (S248)

The current numerical evaluation indicates a favorable high-order margin in the same neighborhoods
where the low-order margin is weakest. A rigorous certificate requires a validated enclosure of the largest
eigenvalue over the full domain. A successful full-domain enclosure defines the high-order matrix margin
Λfull
DαL carried into the compatibility condition below.

4.6 Compatibility of the Low-Order and High-Order Damping

Assuming the localized low-order bound and the high-order matrix bound above, the two estimates have
complementary roles. The low-order estimate supplies the negative E2

0 term, but localization introduces
the positive contribution Ak,locL H2

k. The high-order matrix supplies a negative H2
k contribution with margin

Λfull
DαL. Since the full energy uses the high-order estimate with weight µk, these two top-order contributions

must be compared after multiplying the high-order matrix estimate by µk.

Using (S231) and (S248) gives∫
D
dξ⊤MLdξ dr dz + µk

∫
D
V⊤
k M

(k),full
L Vk dr dz ≤ −Λmat,loc

L E2
0 −

(
µkΛ

full
DαL −Ak,locL

)
H2
k. (S249)

This inequality is the precise sense in which high-order damping compensates for a localized failure of
low-order pointwise damping. The high-order estimate does not change λmax(ML) inside the localized
region. Instead, the concentration estimate converts the low-order contribution from that region into the
top-order cost Ak,locL H2

k, and the negative high-order term absorbs that cost after multiplication by µk.
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Therefore the localized low-order loss is compatible with the high-order damping provided

Ak,locL < µkΛ
full
DαL. (S250)

Together with Λmat,loc
L > 0, this condition gives strict negativity of both matrix-level energy coefficients.

This comparison is still at the matrix level. The linear terms kept outside the two signed matrices are
incorporated in Subsection 4.8 when the full stability margin is assembled.

4.7 Weighted PDE Residuals

The same weights used in the damping estimate also enter the norm in which the PDE residual is mea-
sured. Improving the signed linear matrix could therefore, in principle, amplify the weighted residual.
It is important to check this after the damping weights have been selected rather than treating the two
calculations independently.

For the present optimized weights, the current numerical evaluation indicates that the corresponding
value of ΛR remains small. Thus the weight choice that improves the linear damping does not appear to
introduce a competing residual penalty.

The size of this residual matters differently from the nonlinear constants. In the final closing inequality,
the residual enters through ΛR/δ∗, whereas the nonlinear losses decrease as the stability radius δ∗ is
reduced. Consequently, a large residual cannot be compensated for simply by taking a smaller perturbation
neighborhood. The weighted residual must therefore be evaluated after the damping weights have been
fixed and carried explicitly into the closing inequality. If it is too large relative to the available margin, the
profile itself must be refined in the weighted norms selected by the damping calculation.

4.8 Remaining Certification, Practical Next Steps, and Formalization

The preceding subsections reduce the required linear sign to explicit low-order and high-order matrix
conditions. The low-order matrix is responsible for the principal E2

0 damping, the localized estimate
accounts for the small off-axis region where the same uniform pointwise margin is not imposed, and the
high-order matrix provides the complementary top-order mechanism. The remaining task is to pass from
these matrix-level conditions to the full stability inequality by incorporating the linear terms kept outside
the matrices, the nonlinear losses, and the weighted residual.

From matrix damping to the full stability margin. To pass from the matrix-level bounds to the
linear coefficients in the full energy estimate, we now include the linear terms that were intentionally kept
outside the signed matrices. In the localized low-order estimate, the resulting constants are

Λlow
L = Λmat,loc

L −A0
L, Λhigh

L = AkL +Ak,locL . (S251)

At high order, the corresponding constants are

Λhigh
DαL = Λfull

DαL −Ak,remlin , Λlow
DαL = A0,rem

lin . (S252)

After choosing µk, the actual linear coercive margin is

Λstab(µk) = min

{
Λlow
L − µkΛ

low
DαL, Λ

high
DαL −

Λhigh
L
µk

}
> 0. (S253)
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A positive value of Λstab establishes coercivity before the nonlinear terms are invoked. On the boundary
of a ball of radius δ∗, the cubic contribution is Λ3δ∗. These nonlinear contributions decrease when δ∗ is
reduced. Consequently, large but finite nonlinear constants usually shrink the stability neighborhood that
can be certified rather than destroy an already positive linear sign. This makes the damping calculation
particularly informative, because it isolates the linear sign condition that cannot be recovered merely by
shrinking the perturbation neighborhood. The full closing condition is

Λ3δ∗ +
ΛR
δ∗

< Λstab. (S254)

Remaining quantitative certification. Closing the proof requires rigorous certification of the explicit
constants entering the energy argument, which are presented in full detail in our companion stability
paper [18]. These include the direct linear remainders, elliptic and interpolation constants, point-evaluation
and modulation bounds, weighted multiplier constants, nonlinear product constants, and the parameters
introduced by Cauchy–Schwarz and Young inequalities. This leads to a large but finite collection of scalar
inequalities. The task is computationally extensive, but each required quantity is explicitly defined and
has a prescribed route to rigorous certification.

The spline representation, interval arithmetic, matrix eigenvalue enclosures, and finite-dimensional opti-
mization provide a direct route to this remaining verification with rigorous error control. If a particular
contribution limits the final margin, the corresponding part of the construction can be refined without
changing the overall proof mechanism. For example, the profile can be refined preferentially where the
weighted residual is largest, while the weights, spline resolution, localization parameters, or analytic
estimates can be adjusted when they are the limiting factors. The modular organization of the proof is
intended precisely to make these quantitative refinements local to the relevant estimate.

If the complete collection of remaining constants can be rigorously certified with a positive closing mar-
gin, then the nonlinear stability argument developed here is fully closed. Together with the finite-time
reconstruction from the dynamically rescaled variables, this yields an admissible solution that remains
asymptotic to the candidate self-similar profile and becomes singular in finite physical time. Thus the
principal remaining work along this route is the rigorous certification and quantitative optimization
of an already specified proof framework, rather than the discovery of a new stability mechanism or a
fundamentally different argument.
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Appendix A. Convection–Varied Euler System

A.1 Convection-varied equations

Starting from the axisymmetric equations, consider the following variation on the convection terms:

∂tu• + ε ur ∂r̊u• + ε uz ∂z̊u• = 2u• ∂z̊ψ•, (S255)
∂tω• + ε ur ∂r̊ω• + ε uz ∂z̊ω• = 2u• ∂z̊u•, (S256)

−
[
∂2r̊ +

3

r̊
∂r̊ + ∂2z̊

]
ψ• = ω•, (S257)

ur = − r̊ ∂z̊ψ•, uz = 2ψ• + r̊ ∂r̊ψ•, (S258)

with amplification factor ε, which is used to vary the strength of convection that exist within the Euler
equations, with ε = 1 corresponding to the full Euler system.

When ε = 0, this corresponds to the non-convective blowup scenario proposed by Hou and Lei [51].
However, when convection is included, this finite-time blowup scenario can be destroyed. Hou et al. [19]
studied the amplification of this ε term, with their numerical investigation suggesting that for ε ≤ 0.3 the
equations exhibit singularity formation, while for larger ε the solution does not develop a singularity.

A.2 Traveling-wave profile equations

Proposition S5 (Traveling-wave profile equations for the convection-varied system). Assume that
(u•, ω•, ψ•) is given by the ansatz (S13)–(S15), that the center satisfies (S18), and that the exponents are
chosen via (S21). Then the transformed profile (U,Ω,Ψ) satisfies

U +
(
λr + εU r

)
∂rU +

(
C + λz + εU z

)
∂zU = 2U∂zΨ, (S259)

(1 + λ)Ω +
(
λr + εU r

)
∂rΩ+

(
C + λz + εU z

)
∂zΩ = 2U∂zU, (S260)

−E Ψ = Ω, (S261)

where
U r = −r∂zΨ, U z = 2Ψ+ r∂rΨ. (S262)

Equivalently, the system can be written in terms of U,Ω,Ψ only as

U + r
(
λ− ε∂zΨ

)
∂rU +

(
C + λz + ε(2Ψ + r∂rΨ)

)
∂zU = 2U∂zΨ, (S263)

(1 + λ)Ω + r
(
λ− ε∂zΨ

)
∂rΩ+

(
C + λz + ε(2Ψ + r∂rΨ)

)
∂zΩ = 2U∂zU, (S264)

−E Ψ = Ω. (S265)

Proof (✓ Formalized and verified in Lean)

Roadmap. The factors produced by time differentiation, spatial differentiation, convection, stretching,
and the elliptic streamfunction relation are balanced to determine the amplitude exponents in (S21). After
the common power of T − t is removed, the Euler equations yield a time-independent profile problem.
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Set
τ = T − t, r =

r̊

τλ
, z =

z̊ − z̊c(t)

τλ
. (S266)

The traveling-center condition (S18) is

d

dt
z̊c(t) = −Cτλ−1. (S267)

Differentiating at fixed physical coordinates (̊r, z̊) gives

∂tr =
λr

τ
, ∂tz =

λz + C

τ
. (S268)

Moreover,
∂r̊ = τ−λ∂r, ∂z̊ = τ−λ∂z. (S269)

From the streamfunction relations in the physical variables,

urphys = −r̊ ∂z̊ψ•, uzphys = 2ψ• + r̊ ∂r̊ψ•. (S270)

Therefore,
ψ•(̊r, z̊, t) = τ cψΨ(r, z), (S271)

gives

urphys = −r̊ τ cψ−λ∂zΨ = τ cψ
(
−r∂zΨ

)
, (S272)

uzphys = 2τ cψΨ+ r̊ τ cψ−λ∂rΨ = τ cψ
(
2Ψ + r∂rΨ

)
. (S273)

Thus
urphys = τ cψU r, uzphys = τ cψU z, U r = −r∂zΨ, U z = 2Ψ+ r∂rΨ. (S274)

We first derive the equation for U . The ansatz

u•(̊r, z̊, t) = τ cuU(r, z) (S275)

and (S268) give

∂tu• = −cuτ cu−1U + τ cu (∂rU ∂tr + ∂zU ∂tz) = τ cu−1 [−cuU + λr∂rU + (λz + C)∂zU ] . (S276)

The spatial derivatives are
∂r̊u• = τ cu−λ ∂rU, ∂z̊u• = τ cu−λ ∂zU. (S277)

Using (S274), the convection term is

ε urphys ∂r̊u• + ε uzphys ∂z̊u• = τ cu+cψ−λ ε (U r∂rU + U z∂zU) . (S278)
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The stretching term is
2u• ∂z̊ψ• = 2τ cu+cψ−λ U ∂zΨ. (S279)

Substitution into the physical u• equation gives

τ cu−1 [−cuU + λr∂rU + (λz + C)∂zU ] + τ cu+cψ−λ ε (U r∂rU + U z∂zU) = 2 τ cu+cψ−λ U∂zΨ. (S280)

The time derivative, convection, and stretching terms have the same power of τ when

cu − 1 = cu + cψ − λ, hence cψ = λ− 1. (S281)

After division by τ cu−1, the equation becomes

−cuU +
(
λr + εU r

)
∂rU +

(
C + λz + εU z

)
∂zU = 2U∂zΨ. (S282)

Using cu = −1 gives (S259).

We next derive the equation for Ω.

From
ω•(̊r, z̊, t) = τ cωΩ(r, z) (S283)

we obtain
∂tω• = τ cω−1 [−cωΩ+ λr∂rΩ+ (λz + C)∂zΩ] , (S284)

and
∂r̊ω• = τ cω−λ ∂rΩ, ∂z̊ω• = τ cω−λ ∂zΩ. (S285)

The convection term is

ε urphys ∂r̊ω• + ε uzphys ∂z̊ω• = τ cω+cψ−λ ε (U r∂rΩ+ U z∂zΩ) . (S286)

Using (S281), this exponent is cω − 1.

The stretching term is
2u• ∂z̊u• = 2 τ2cu−λ U∂zU. (S287)

Consequently,

τ cω−1 [−cωΩ+ λr∂rΩ+ (λz + C)∂zΩ] + τ cω−1 ε (U r∂rΩ+ U z∂zΩ) = 2 τ2cu−λ U∂zU. (S288)

Matching the remaining powers gives
cω − 1 = 2cu − λ. (S289)
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After division by τ cω−1, we obtain

−cωΩ+
(
λr + εU r

)
∂rΩ+

(
C + λz + εU z

)
∂zΩ = 2U∂zU. (S290)

Using cω = −(1 + λ) gives (S260).

It remains to check the elliptic streamfunction equation.

Since
∂r̊r̊ψ• = τ cψ−2λ ∂rrΨ, ∂z̊z̊ψ• = τ cψ−2λ ∂zzΨ, (S291)

and since r̊ = rτλ, we also have

3

r̊
∂r̊ψ• =

3

rτλ
τ cψ−λ ∂rΨ = τ cψ−2λ 3

r
∂rΨ. (S292)

Therefore,
−Er̊,̊zψ• = −τ cψ−2λEΨ. (S293)

The right-hand side of the physical elliptic equation is

ω• = τ cωΩ. (S294)

The common power cancels when
cω = cψ − 2λ. (S295)

Together with (S281), this gives cω = −1− λ. Combining this identity with (S289) gives cu = −1.

After cancelling the common power of τ , the elliptic equation is

−EΨ = Ω. (S296)

In these profile equations,

• The terms λr∂r and λz∂z come from observing the solution in a shrinking coordinate system.

• The term C∂z comes from following the center of the profile as it travels along the symmetry axis.

• The terms involving εU r and εU z are the convection terms from the convection-varied Euler system.

• The terms 2U∂zΨ and 2U∂zU on the right-hand side are the stretching and coupling terms inherited
from the axisymmetric formulation.

For the convection-varied Euler equations, these profile equations are the steady-state equations for the
traveling self-similar profile. Thus, for the convection-varied Euler equations, the traveling-wave ansatz
reduces the study of a possible finite-time singularity to an autonomous nonlinear profile problem for
(U,Ω,Ψ) and the parameters λ and C. The parameter λ determines the rate at which the spatial scale
collapses, while C determines the speed of the axial drift in the rescaled frame.
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A.3 Dynamic rescaling equations for the convection-varied systems

As before, define the elliptic operator

E := ∂2r +
3

r
∂r + ∂2z . (S297)

The proposition below provides the convection-varied axisymmetric Euler equations in the dynamically
rescaled variables.

Proposition S6 (Dynamic rescaling equations). In the dynamically rescaled variables, the convection-varied
axisymmetric system takes the form

∂tu+
(
λ(t)r + εur

)
∂ru+

(
λ(t)z + C(t) + εuz

)
∂zu = 2u∂zψ + cu(t)u, (S298)

∂tω +
(
λ(t)r + εur

)
∂rω +

(
λ(t)z + C(t) + εuz

)
∂zω = 2u∂zu+ cω(t)ω, (S299)
−Eψ = ω, (S300)

with
ur = −r∂zψ, uz = 2ψ + r∂rψ, (S301)

and
cω(t) = cu(t)− λ(t). (S302)

Proof The proof is provided in Appendix D.

Normalization conditions. The independent modulation parameters are λ(t), C(t), and cu(t). The
vorticity amplitude rate is determined by the scaling relation

cω(t) = cu(t)− λ(t). (S303)

Choose the axial translation of the reference profile so that

C̄ + εūz0 = C̄ + 2εψ̄0 = 0. (S304)

We impose the normalization conditions

C(t) + εuz(0, 0, t) = 0,

∂t
(
∂zω

)
(0, 0, t) = 0, u(0, 0, t) = ū0.

(S305)

The first condition fixes the meridional fixed point at the origin. The second preserves the initially
prescribed value of ∂zω(0, 0, t); evaluating the z-differentiated vorticity equation at the origin determines
λ(t). The third fixes the amplitude at the origin and therefore implies ∂tu(0, 0, t) = 0. Together these
conditions determine λ(t), C(t), and cu(t). In perturbation variables, the stagnation and amplitude
conditions are

δC + 2εδψ0 = 0, δu0 = 0, (S306)

so that δC = −2εδψ0.
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Limiting behaviour. If the dynamic rescaling captures a stable traveling self-similar blowup, the
rescaled solution should converge as rescaled time advances to a time-independent profile,

u(r, z, t) → u∞(r, z), ω(r, z, t) → ω∞(r, z), ψ(r, z, t) → ψ∞(r, z), (S307)

and the modulation parameters should converge to constants,

λ(t) → λ∞, C(t) → C∞, cu(t) → cu,∞, cω(t) → cω,∞, . (S308)

In that limit, the time derivatives in (S298)–(S299) disappear. The steady dynamic equations are(
λ∞ r + εur∞

)
∂ru∞ +

(
λ∞ z + C∞ + εuz∞

)
∂zu∞ = 2u∞ ∂zψ∞ + cu,∞ u∞, (S309)(

λ∞ r + εur∞

)
∂rω∞ +

(
λ∞ z + C∞ + εuz∞

)
∂zω∞ = 2u∞ ∂zu∞ + cω,∞ ω∞, (S310)

with ur∞ = −r∂zψ∞ and uz∞ = 2ψ∞ + r∂rψ∞.

For the traveling-wave ansatz in (S13)–(S15), the limiting amplitude rates are

cu,∞ = −1, cω,∞ = −
(
1 + λ∞

)
. (S311)

In the Euler setting, substituting (S311) into (S309)–(S310) gives the traveling-wave profile equations for
general λ∞.

Therefore, the steady states of the Euler dynamic rescaling system reproduce the Euler traveling-wave
profile equations for general λ∞. After writing(

u∞, ω∞, ψ∞, C∞
)
=
(
U,Ω,Ψ, C

)
, (S312)

the limiting dynamic equations agree with the corresponding profile equations. In this sense, the traveling-
wave profiles are fixed points of the appropriate dynamically rescaled evolution.
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Appendix B. PDE in the Computational Domain

We use the coordinate transformation

r = sinh(rcomp) , z = sinh(zcomp) , (S313)

and write the corresponding profiles in computational coordinates as

(u, ω, ψ)
(
rcomp, zcomp

)
= (U,Ω,Ψ)(sinh(rcomp), sinh(zcomp)) . (S314)

Since
dr

drcomp
= cosh(rcomp) ,

dz

dzcomp
= cosh(zcomp) , (S315)

the chain rule gives

∂r =
1

cosh(rcomp)
∂rcomp , ∂z =

1

cosh(zcomp)
∂zcomp . (S316)

The derivatives are related by

fr =
frcomp

cosh(rcomp)
, fz =

fzcomp

cosh(zcomp)
. (S317)

Applying the chain rule once more yields

frr =
frcomprcomp

cosh2(rcomp)
− sinh(rcomp)

cosh3(rcomp)
frcomp , fzz =

fzcompzcomp

cosh2(zcomp)
− sinh(zcomp)

cosh3(zcomp)
fzcomp . (S318)

The elliptic equation involves frr + 3
rfr + fzz. In computational coordinates, we denote this expression by

Ecompf . Using (S317)–(S318),

Ecompf :=
frcomprcomp

cosh2(rcomp)
− sinh(rcomp)

cosh3(rcomp)
frcomp +

3frcomp

sinh(rcomp) cosh(rcomp)

+
fzcompzcomp

cosh2(zcomp)
− sinh(zcomp)

cosh3(zcomp)
fzcomp . (S319)

The factor 1/ sinh(rcomp) in (S319) appears singular at the axis. If the profile is smooth and even in r, then
it is also even in rcomp. Near the axis,

frcomp = frcomprcomp(0, zcomp) rcomp +O(rcomp), sinh(rcomp) cosh(rcomp) = rcomp +O(rcomp). (S320)

Therefore,

lim
rcomp→0

frcomp

sinh(rcomp) cosh(rcomp)
= frcomprcomp(0, zcomp), (S321)

The apparent singularity is therefore removable. At the axis, the radial part of Ecompf extends continuously
to 4frcomprcomp(0, zcomp).
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The remaining factors in the transport terms are

rfr =
sinh(rcomp)

cosh(rcomp)
frcomp , z = sinh(zcomp). (S322)

Substituting these identities into the profile equations gives the Euler system in computational coordinates

0 = u−
2uψzcomp

cosh(zcomp)
+

sinh(rcomp)

cosh(rcomp)
urcomp

(
λ− ε

ψzcomp

cosh(zcomp)

)
+

uzcomp

cosh(zcomp)

(
C + λ sinh(zcomp) + ε

(
2ψ +

sinh(rcomp)

cosh(rcomp)
ψrcomp

))
, (S323)

0 = (1 + λ)ω −
2uuzcomp

cosh(zcomp)
+

sinh(rcomp)

cosh(rcomp)
ωrcomp

(
λ− ε

ψzcomp

cosh(zcomp)

)
+

ωzcomp

cosh(zcomp)

(
C + λ sinh(zcomp) + ε

(
2ψ +

sinh(rcomp)

cosh(rcomp)
ψrcomp

))
, (S324)

0 = ω + Ecomp ψ, (S325)

where ε, as before, denotes the convection amplification factor, and

Ecompf :=
frcomprcomp

cosh2(rcomp)
− sinh(rcomp)

cosh3(rcomp)
frcomp +

3frcomp

sinh(rcomp) cosh(rcomp)

+
fzcompzcomp

cosh2(zcomp)
− sinh(zcomp)

cosh3(zcomp)
fzcomp . (S326)

As before, the full Euler system is obtained by setting ε = 1.

✓ These formulas have been formalized and verified in Lean.
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Appendix C. Derivations of the Profile Equations

Proposition S7 (Traveling-wave profile equations). Assume that (u•, ω•, ψ•) is given by the ansatz
(S13)–(S15), that the center satisfies (S18), and that the exponents are chosen as in (S21). Set

λ =
1

2
. (S327)

Then (U,Ω,Ψ) satisfies

U +
(
λr + U r

)
∂rU +

(
C + λz + U z

)
∂zU = 2U∂zΨ, (S328)

(1 + λ)Ω +
(
λr + U r

)
∂rΩ+

(
C + λz + U z

)
∂zΩ = 2U∂zU, (S329)

−E Ψ = Ω, (S330)

where
U r = −r∂zΨ, U z = 2Ψ+ r∂rΨ. (S331)

Equivalently,

U + r
(
λ− ∂zΨ

)
∂rU +

(
C + λz + 2Ψ + r∂rΨ

)
∂zU = 2U∂zΨ, (S332)

(1 + λ)Ω + r
(
λ− ∂zΨ

)
∂rΩ+

(
C + λz + 2Ψ + r∂rΨ

)
∂zΩ = 2U∂zU, (S333)

−E Ψ = Ω. (S334)

Proof (✓ Formalized and verified in Lean)

We specialize the convection-varied calculation in the proof of Proposition S5 to ε = 1 and λ = 1/2.

The scaling exponents in (S21) become

cu = −1, cω = −3

2
, cψ = −1

2
. (S335)

The coordinate identities in (S268) and (S269) therefore reduce to

∂tr =
r

2τ
, ∂tz =

z/2 + C

τ
, ∂r̊ = τ−1/2∂r, ∂z̊ = τ−1/2∂z. (S336)

For the u• equation, the time derivative is

∂tu• = τ−2

[
U +

1

2
r∂rU +

(
C +

1

2
z

)
∂zU

]
. (S337)

Because cψ = −1
2 , the physical meridian velocity components satisfy

urphys = τ−1/2 U r, uzphys = τ−1/2 U z, U r = −r∂zΨ, U z = 2Ψ+ r∂rΨ. (S338)

Also,
∂r̊u• = τ−3/2∂rU, ∂z̊u• = τ−3/2∂zU. (S339)

Hence the convection terms and the stretching term 2u• ∂z̊ψ• all carry the same factor τ−2 as the time
derivative.
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For the vorticity equation,

∂tω• = τ−5/2

[
3

2
Ω +

1

2
r∂rΩ+

(
C +

1

2
z

)
∂zΩ

]
. (S340)

The convection terms scale like τ−1/2τ−2 = τ−5/2.

The stretching term 2u• ∂z̊u• scales like τ−1τ−3/2 = τ−5/2.

Canceling the common factor gives the desired equation.

Finally,

cψ − 2λ = −1

2
− 1 = −3

2
= cω, (S341)

so both sides of the physical elliptic equation have the factor τ−3/2. Canceling it gives the desired equation.
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Appendix D. Derivation of the Dynamic Rescaling Equations

In this Appendix, we derive the dynamic rescaling equations for the convection-varied system in the more
general setting where the spatial rescaling rate λ is time-dependent, since in the convection-varied case one
does not necessarily have λ = 1/2. The corresponding equations for the Euler system are recovered as the
special case ε = 1 and λ = 1/2.

Proposition S8 (Dynamic rescaling equations). In the dynamically rescaled variables, the convection-varied
axisymmetric system takes the form

∂tu+
(
λ(t)r + εur

)
∂ru+

(
λ(t)z + C(t) + εuz

)
∂zu = 2u∂zψ + cu(t)u (S342)

∂tω +
(
λ(t)r + εur

)
∂rω +

(
λ(t)z + C(t) + εuz

)
∂zω = 2u∂zu+ cω(t)ω (S343)
−Eψ = ω, (S344)

with
ur = −r∂zψ, uz = 2ψ + r∂rψ, (S345)

and
cω(t) = cu(t)− λ(t). (S346)

Proof (✓ Formalized and verified in Lean)

Coordinate and amplitude scaling. At fixed physical coordinates, differentiating equation (S46) and using
(S50)–(S51) gives

(∂tr)̊r,̊z = λ(t)r, (∂tz)̊r,̊z = λ(t)z + C(t). (S347)

For any rescaled scalar field f(r, z, t),

(∂tf )̊r,̊z = ∂tf + λ(t)r ∂rf +
(
λ(t)z + C(t)

)
∂zf. (S348)

Applying this identity to the amplitudes in (S47)–(S48) gives

∂̊tu• = su
dt

d̊t
[∂tu+ λr ∂ru+ (λz + C)∂zu− cuu] , (S349)

∂̊tω• = sω
dt

d̊t
[∂tω + λr ∂rω + (λz + C)∂zω − cωω] . (S350)

The streamfunction scaling gives the physical meridian velocities

urphys = sω s
2
r u

r, uzphys = sω s
2
r u

z, (S351)

where
ur = −r∂zψ, uz = 2ψ + r∂rψ. (S352)

Since ∂r̊ = s−1
r ∂r and ∂z̊ = s−1

r ∂z, the physical convection and stretching terms in the u• equation have
the common coefficient

sω s
2
r

su
sr

= su sω sr = su
dt

d̊t
. (S353)
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In the vorticity equation, the convection coefficient is s2ω sr, while the stretching coefficient is

s2u
sr

= s2ω sr = sω
dt

d̊t
. (S354)

Thus the relations in (S49) normalize all terms in both equations. Taking the logarithmic derivative of
su = sω sr gives

cω = cu − λ. (S355)

The rescaled u equation. Applying the coordinate chain rule (S348), adding the physical convection terms,
and including the amplitude normalization gives

∂tu+ λ(t)r∂ru+
(
λ(t)z + C(t)

)
∂zu+ εur∂ru+ εuz∂zu− cu(t)u = 2u∂zψ. (S356)

The first two transport terms come from the moving rescaled frame. The two terms multiplied by ε are
the physical convection terms.

Grouping the radial and axial derivatives gives

∂tu+
(
λ(t)r + εur

)
∂ru+

(
λ(t)z + C(t) + εuz

)
∂zu− cu(t)u = 2u∂zψ. (S357)

Moving the amplitude term to the right gives

∂tu+
(
λ(t)r + εur

)
∂ru+

(
λ(t)z + C(t) + εuz

)
∂zu = 2u∂zψ + cu(t)u. (S358)

The rescaled vorticity equation. The moving frame contributes

∂tω + λ(t)r∂rω +
(
λ(t)z + C(t)

)
∂zω, (S359)

while the physical convection contributes

εur∂rω + εuz∂zω. (S360)

The stretching term is 2u∂zu, and the amplitude normalization contributes −cω(t)ω on the left.

Thus

∂tω + λ(t)r∂rω +
(
λ(t)z + C(t)

)
∂zω + εur∂rω + εuz∂zω − cω(t)ω = 2u∂zu. (S361)

Combining the frame transport with the physical convection gives

∂tω +
(
λ(t)r + εur

)
∂rω +

(
λ(t)z + C(t) + εuz

)
∂zω − cω(t)ω = 2u∂zu. (S362)

Moving the amplitude term to the right gives

∂tω +
(
λ(t)r + εur

)
∂rω +

(
λ(t)z + C(t) + εuz

)
∂zω = 2u∂zu+ cω(t)ω. (S363)
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The elliptic equation and velocity recovery. The streamfunction scaling gives

−Er̊,̊zψ• = −sω(t) E ψ, ω• = sω(t)ω. (S364)

Canceling the common factor sω(t) gives
−Eψ = ω. (S365)

Starting from the physical recovery formulas

urphys = −r̊∂z̊ψ•, uzphys = 2ψ• + r̊∂r̊ψ•, (S366)

and using (S46)–(S48), the common factor sω(t) sr(t)
2 cancels. This gives

ur = −r∂zψ, uz = 2ψ + r∂rψ. (S367)
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Appendix E. Energy Identities

In this appendix, we consider the energy functional for the convection-varied system,

Eε =

∫ ∞

−∞

∫ ∞

0

(
|u•|2 + (2− ε)|∇r̊,̊zψ•|2

)
r̊3 d̊r dz̊. (S368)

As before, the energy functional for the Euler system can be obtained as the special case where ε = 1, i.e.

E =

∫ ∞

−∞

∫ ∞

0

(
|u•|2 + |∇r̊,̊zψ•|2

)
r̊3 d̊r dz̊. (S369)

Proposition S9 (Energy scaling under the self-similar ansatz). Let τ = T − t, and assume that

u•(̊r, z̊, t) = τ−1u

(
r̊

τλ
,
z̊ − z̊(t)

τλ

)
, ψ•(̊r, z̊, t) = τλ−1ψ

(
r̊

τλ
,
z̊ − z̊(t)

τλ

)
. (S370)

Equivalently, introduce the rescaled variables

r =
r̊

τλ
, z =

z̊ − z̊(t)

τλ
. (S371)

Then
Eε(t) = τ5λ−2

∫ ∞

−∞

∫ ∞

0

(
|u|2 + (2− ε)|∇r,zψ|2

)
r3 dr dz. (S372)

If the rescaled profile energy is finite and nonzero, then boundedness of Eε(t) as t→ T− requires λ ≥ 2/5.

Proof (✓ Formalized and verified in Lean)

We have
r̊ = rτλ, z̊ = zτλ + z̊(t). (S373)

Therefore
d̊r dz̊ = τ2λ dr dz, r̊3 = r3τ3λ. (S374)

Hence the weighted measure transforms as

r̊3 d̊r dz̊ = r3τ5λ dr dz. (S375)

Next, since z̊(t) is independent of z, we have

∂r̊ = τ−λ∂r, ∂z̊ = τ−λ∂z. (S376)

Thus
∇r̊,̊z = τ−λ∇r,z. (S377)

Using ψ• = τλ−1ψ, it follows that

∇r̊,̊zψ• = τλ−1∇r̊,̊zψ = τλ−1τ−λ∇r,zψ = τ−1∇r,zψ. (S378)
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Also, by the ansatz,
u• = τ−1u. (S379)

Substituting these identities into the definition of Eε gives

Eε(t) =

∫ ∞

−∞

∫ ∞

0

(∣∣τ−1u
∣∣2 + (2− ε)

∣∣τ−1∇r,zψ
∣∣2) r3τ5λ dr dz (S380)

= τ5λ−2

∫ ∞

−∞

∫ ∞

0

(
|u|2 + (2− ε)|∇r,zψ|2

)
r3 dr dz. (S381)

This proves the claimed scaling relation.

Assume now that the rescaled profile energy∫ ∞

−∞

∫ ∞

0

(
|u|2 + (2− ε)|∇r,zψ|2

)
r3 dr dz (S382)

is finite and nonzero. Since τ → 0+ as t→ T−, boundedness of Eε(t) requires

5λ− 2 ≥ 0. (S383)

Therefore
λ ≥ 2

5
. (S384)
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Appendix F. Scaling Symmetry and the Choice of Variables for Linear Stability

We consider the three-dimensional incompressible Euler equations

∂tu+ (u · ∇)u+∇p = 0, ∇ · u = 0, (S385)

where u = u(x, t) ∈ R3 is the velocity field and p = p(x, t) ∈ R is the pressure.

Scaling of the velocity. Let (u, p) be a solution of (S385). For any η > 0 and any α ∈ R, define

uη(x, t) := ηαu(ηx, ηα+1t), pη(x, t) := η2αp(ηx, ηα+1t). (S386)

Then (uη, pη) is again a solution of (S385).

Proof (✓ Formalized and verified in Lean)

Set
X = ηx, T = ηα+1t. (S387)

Then
uη(x, t) = ηαu(X,T ), pη(x, t) = η2αp(X,T ). (S388)

We first compute the time derivative. By the chain rule,

∂tuη(x, t) = ∂t
(
ηαu(X,T )

)
= ηα(∂tu)(X,T ) ∂tT. (S389)

Since ∂tT = ηα+1, this gives

∂tuη(x, t) = ηαηα+1(∂tu)(X,T ) = η2α+1(∂tu)(X,T ). (S390)

Next we compute the spatial derivatives. Since X = ηx, each derivative with respect to xj contributes one
factor of η. More precisely,

∂xjuη(x, t) = ∂xj
(
ηαu(X,T )

)
= ηα

3∑
k=1

(∂Xku)(X,T ) ∂xjXk. (S391)

Because ∂xjXk = ηδjk, we obtain

∂xjuη(x, t) = ηαη(∂Xju)(X,T ). (S392)

Therefore
∇uη(x, t) = ηα+1(∇u)(X,T ). (S393)

Using (S393), we can now compute the transport term:

(uη · ∇)uη =
(
ηαu(X,T )

)
· ∇
(
ηαu(X,T )

)
=
(
ηαu(X,T )

)
·
(
ηα+1(∇u)(X,T )

)
= η2α+1

(
(u · ∇)u

)
(X,T ). (S394)
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We now compute the pressure gradient. Again by the chain rule,

∂xjpη(x, t) = ∂xj
(
η2αp(X,T )

)
= η2α

3∑
k=1

(∂Xkp)(X,T ) ∂xjXk. (S395)

Since ∂xjXk = ηδjk, it follows that

∂xjpη(x, t) = η2αη(∂Xjp)(X,T ), (S396)

and therefore
∇pη(x, t) = η2α+1(∇p)(X,T ). (S397)

Combining (S390), (S394), and (S397), we obtain

∂tuη + (uη · ∇)uη +∇pη = η2α+1(∂tu)(X,T ) + η2α+1
(
(u · ∇)u

)
(X,T ) + η2α+1(∇p)(X,T )

= η2α+1
[
∂tu+ (u · ∇)u+∇p

]
(X,T ). (S398)

Since (u, p) solves (S385), the bracketed term vanishes. Hence

∂tuη + (uη · ∇)uη +∇pη = 0. (S399)

It remains to verify the divergence-free condition. Using the same computation as above,

∇ · uη(x, t) =
3∑
j=1

∂xj
(
ηαuj(X,T )

)
= ηα

3∑
j=1

3∑
k=1

(∂Xkuj)(X,T ) ∂xjXk

= ηαη

3∑
j=1

(∂Xjuj)(X,T ) = ηα+1(∇ · u)(X,T ). (S400)

Since ∇ · u = 0, it follows that ∇ · uη = 0 as well. Thus (uη, pη) satisfies (S385).

We now turn to the vorticity ω = ∇× u and the velocity gradient ∇u.

Scaling of the vorticity. Let ω = ∇× u. If uη is defined by (S386), then

ωη(x, t) := ∇× uη(x, t) = ηα+1ω(ηx, ηα+1t). (S401)

Proof (✓ Formalized and verified in Lean)

As before, we write
X = ηx, T = ηα+1t. (S402)

Then
uη(x, t) = ηαu(X,T ). (S403)
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We compute the curl componentwise. For example, the first component is

(ωη)1 = ∂x2(uη)3 − ∂x3(uη)2 = ∂x2
(
ηαu3(X,T )

)
− ∂x3

(
ηαu2(X,T )

)
. (S404)

Using the chain rule,

∂x2
(
ηαu3(X,T )

)
= ηαη(∂X2u3)(X,T ), ∂x3

(
ηαu2(X,T )

)
= ηαη(∂X3u2)(X,T ). (S405)

Therefore
(ωη)1 = ηα+1

(
∂X2u3 − ∂X3u2

)
(X,T ) = ηα+1ω1(X,T ). (S406)

The same argument gives

(ωη)2 = ηα+1ω2(X,T ), (ωη)3 = ηα+1ω3(X,T ). (S407)

Hence
ωη(x, t) = ηα+1ω(X,T ), (S408)

that is,
ωη(x, t) = ηα+1ω(ηx, ηα+1t). (S409)

Scaling of the velocity gradient. If uη is defined by (S386), then

∇uη(x, t) = ηα+1(∇u)(ηx, ηα+1t). (S410)

Proof (✓ Formalized and verified in Lean)

As before, let X = ηx and T = ηα+1t. For each pair of indices i, j,

∂xj (uη)i(x, t) = ∂xj
(
ηαui(X,T )

)
. (S411)

Applying the chain rule gives

∂xj (uη)i(x, t) = ηα
3∑

k=1

(∂Xkui)(X,T ) ∂xjXk. (S412)

Since ∂xjXk = ηδjk, we obtain

∂xj (uη)i(x, t) = ηαη(∂Xjui)(X,T ) = ηα+1(∂Xjui)(X,T ). (S413)

Because this holds for every i and j, it follows that

∇uη(x, t) = ηα+1(∇u)(X,T ), (S414)

which is exactly (S410).
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The variables u, ω, and ∇u do not all transform in the same way. Indeed, from (S386) and (S401),

uη(x, t) = ηαu(ηx, ηα+1t), ωη(x, t) = ηα+1ω(ηx, ηα+1t). (S415)

Thus the full vorticity carries one extra factor of η relative to the full velocity. This is expected since
ω = ∇× u contains one spatial derivative of u. By contrast, (S401) and (S410) show that

ωη(x, t) = ηα+1ω(ηx, ηα+1t), ∇uη(x, t) = ηα+1(∇u)(ηx, ηα+1t). (S416)

The preceding scaling laws concern the full three-dimensional velocity and vorticity fields. In the stability
analysis, however, u and ω denote the reduced variables

u =
uθ

r
, ω =

ωθ

r
. (S417)

Since division by r contributes one additional factor of η under the rescaling (r, z) 7→ (ηr, ηz), the reduced
variables satisfy

uη(r, z, t) = ηα+1u(ηr, ηz, ηα+1t), ωη(r, z, t) = ηα+2ω(ηr, ηz, ηα+1t). (S418)

Consequently,
∇uη(r, z, t) = ηα+2(∇u)(ηr, ηz, ηα+1t), (S419)

where ∇ acts on the reduced spatial variables (r, z).

Thus the reduced variables ω and ∇u transform in the same way. This is the reason why they are the natural
pair of quantities in a scale-consistent linear stability analysis. Quantities with different scaling corre-
spond to different differential orders, so comparing them directly mixes objects of different analytic strength.
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Appendix G. Linearization and Modulation Equations

G.1 Setup

We now derive the linearized Euler perturbation equations, together with the modulation equations used
to close the perturbation system. We use blue for perturbation quantities, red highlighting for nonlinear
perturbation products. A subscript 0 denotes evaluation at (r, z) = (0, 0).

✓ All the derivations in Appendix G have been formalized and verified in Lean.

We start from the dynamically rescaled equations

∂tu+
(
λr + ur

)
∂ru+

(
λz + C(t) + uz

)
∂zu = 2u∂zψ + cu(t)u, (S420)

∂tω +
(
λr + ur

)
∂rω +

(
λz + C(t) + uz

)
∂zω = 2u∂zu+ cω(t)ω, (S421)
−Eψ = ω, (S422)

where

ur = −r∂zψ, (S423)
uz = 2ψ + r∂rψ, (S424)
cω = cu − λ, (S425)

and
Ef := ∂2rf +

3

r
∂rf + ∂2zf. (S426)

We denote steady-state values using an overhead bar. Thus ū, ω̄, ψ̄, C̄, c̄u, c̄ω form an Euler steady state.
The profile may be approximate, so the steady state equations are

∂tū+ (λr + ūr)∂rū+ (λz + C̄ + ūz)∂zū = 2ū∂zψ̄ + c̄uū − Rraw
u , (S427)

∂tω̄ + (λr + ūr)∂rω̄ + (λz + C̄ + ūz)∂zω̄ = 2ū∂zū+ c̄ωω̄ − Rraw
ω . (S428)

We write the perturbation ansatz as

u = ū+ δu, ω = ω̄ + δω, ψ = ψ̄ + δψ, (S429)

C = C̄ + δC, cu = c̄u + cu,res + δcu, cω = c̄ω + cu,res + δcω. (S430)

The induced meridional velocity perturbations are

ur = ūr + δur, uz = ūz + δuz, (S431)

with
δur = −r∂zδψ, δuz = 2δψ + r∂rδψ, c̄ω = c̄u − λ, δcω = δcu. (S432)

Before linearizing, write the radial and axial transport coefficients of the numerically obtained profile as

Gr(r, z) = λr + urnum(r, z), Gz(r, z) = λz + Cnum + uznum(r, z). (S433)
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We choose zshift so that (0, zshift) becomes the analysis origin. For this point to be a meridional fixed point,
we require

Gr(0, zshift) = 0, Gz(0, zshift) = 0. (S434)

The radial condition is automatic because urnum(0, z) = 0 on the axis. Using uznum(0, z) = 2ψnum(0, z), the
axial condition Gz(0, zshift) = 0 becomes

Cnum + λzshift + 2ψnum(0, zshift) = 0. (S435)

We therefore impose this scalar condition and choose zshift as a numerically certified root. We then recenter
each numerical profile field by

f̄(r, z) := fnum(r, z + zshift). (S436)

Denoting the constant term in the recentered axial transport by C̄, we continue to write the reference
transport coefficients as

Gr(r, z) = λr + ūr(r, z), Gz(r, z) = λz + C̄ + ūz(r, z). (S437)

With this notation, the imposed root condition gives

Gr(0, 0) = 0, Gz(0, 0) = C̄ + 2ψ̄0 = 0. (S438)

Having fixed the shift, set
ū0 := ū(0, 0), ū0 ̸= 0. (S439)

and certify a positive lower bound for |ū0|. Thus the recentered numerical profile used in the analysis has
a fixed point of the meridional flow at the origin.

The two scalar modulation conditions used below preserve this choice:

C(t) + uz0(t) = 0, u0(t) = ū0. (S440)

Since ur0(t) = 0 identically, these conditions imply(
λr + ur

)
0
= 0,

(
λz + C + uz

)
0
= 0 (S441)

for every rescaled time.

Equivalently, relative to the reference profile,

δC + 2δψ0 = 0, δu0 = 0, (S442)

and the time-differentiated normalization condition used in the second modulation equation is

∂tδu0 = 0. (S443)
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G.2 Linearization of the Euler equations

G.2.1 Linearization of the first equation

We consider the u-equation

∂tu+ (λr + ur) ∂ru+ (λz + C + uz) ∂zu = 2u ∂zψ + cu(t)u. (S444)

Substituting (S429)–(S432) into (S444) gives

∂t(ū+ δu) +
(
λr + (ūr + δur)

)
∂r(ū+ δu) +

(
λz + (C̄ + δC) + (ūz + δuz)

)
∂z(ū+ δu)

= 2(ū+ δu) ∂z(ψ̄ + δψ) + (c̄u + cu,res + δcu)(ū+ δu). (S445)

Since ū, ψ̄, C̄, c̄u satisfy the steady-state equation, we have

∂tū+ (λr + ūr) ∂rū+ (λz + C̄ + ūz) ∂zū = 2ū ∂zψ̄ + c̄u ū − Rraw
u . (S446)

We subtract (S446) from (S445) and group the nonlinear perturbation products in red to obtain

∂tδu+ (λr + ūr) ∂rδu+ (λz + C̄ + ūz) ∂zδu+ (δur) ∂rū+ (δC + δuz) ∂zū (S447)
= (2 ∂zψ̄ + c̄u + cu,res) δu+ 2 ū ∂zδψ + δcu ū + cu,res ū + Rraw

u

−
(
δur
)
∂rδu−

(
δC + δuz

)
∂zδu+ 2 δu ∂zδψ + δcu δu (S448)

Using (S432), we rewrite (S447) as

∂tδu+ (λr + ūr) ∂rδu+ (λz + C̄ + ūz) ∂zδu− r ∂zδψ ∂rū+
(
δC + (2δψ + r∂rδψ)

)
∂zū

= (2 ∂zψ̄ + c̄u + cu,res) δu+ 2 ū ∂zδψ + δcu ū + cu,res ū + Rraw
u

+ r ∂zδψ ∂rδu−
(
δC + (2δψ + r∂rδψ)

)
∂zδu+ 2 δu ∂zδψ + δcu δu . (S449)

Collecting and reorganizing terms gives

∂tδu = −(λr + ūr) ∂rδu− (λz + C̄ + ūz) ∂zδu+ (2 ∂zψ̄ + c̄u + cu,res) δu+ 2 ū ∂zδψ + ū δcu

+ r (∂zδψ) ∂rū−
(
2δψ + r∂rδψ

)
∂zū− (∂zū) δC + cu,res ū + Rraw

u

+ r ∂zδψ ∂rδu−
(
δC + (2δψ + r∂rδψ)

)
∂zδu+ 2 δu ∂zδψ + δcu δu . (S450)

Define the residual amplitude offset by

cu,res := −Rraw
u (0)

ū0
(S451)

under the standing nondegeneracy condition ū0 ̸= 0.
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We absorb the residual amplitude offset into the reference amplitude rate and use the modulation coefficients
directly:

C = C̄ + δC, cu = c̄u + cu,res + δcu, cω = c̄ω + cu,res + δcu. (S452)

The residuals associated with this decomposition are

Ru := Rraw
u + cu,res ū, (S453)

Rω := Rraw
ω + cu,res ω̄. (S454)

The linear operator is

Lu(δ) :=
(
2∂zψ̄ + c̄u + cu,res

)
δu−

(
λr + ūr

)
∂rδu−

(
λz + C̄ + ūz

)
∂zδu+

(
2ū+ r ∂rū

)
∂zδψ

−
(
r ∂zū

)
∂rδψ −

(
2∂zū

)
δψ − (∂zū) δC + ū δcu. (S455)

The nonlinear operator is

Lω(δ) = r ∂zδψ ∂rδu− ( δC + (2δψ + r∂rδψ)) ∂zδu+ 2 δu ∂zδψ + δcu δu. (S456)

G.2.2 Linearization of the second equation

We consider the ω-equation

∂tω + (λr + ur) ∂rω + (λz + C + uz) ∂zω = 2u ∂zu+ cω(t)ω. (S457)

Substituting (S429)–(S432) into (S457) gives

∂t(ω̄ + δω) +
(
λr + (ūr + δur)

)
∂r(ω̄ + δω) +

(
λz + (C̄ + δC) + (ūz + δuz)

)
∂z(ω̄ + δω)

= 2(ū+ δu) ∂z(ū+ δu) + (c̄ω + cu,res + δcω)(ω̄ + δω). (S458)

Now, ū, ω̄, C̄, c̄ω satisfy the steady-state equation, so

∂tω̄ + (λr + ūr) ∂rω̄ + (λz + C̄ + ūz) ∂zω̄ = 2ū ∂zū+ c̄ω ω̄ − Rraw
ω . (S459)

We subtract (S459) from (S458) and group the nonlinear perturbation products in red to obtain

∂tδω + (λr+ūr) ∂rδω + (λz + C̄ + ūz) ∂zδω + (δur) ∂rω̄ + (δC + δuz) ∂zω̄

= 2ū ∂zδu+ 2(∂zū) δu+ (c̄ω + cu,res) δω + ω̄ δcω + cu,res ω̄ + Rraw
ω

+ 2 δu ∂zδu−
(
δur
)
∂rδω −

(
δC + δuz

)
∂zδω + δcu δω . (S460)

We collect and reorganize terms

∂tδω = −(λr + ūr) ∂rδω − (λz + C̄ + ūz) ∂zδω + (c̄ω + cu,res) δω + 2(∂zū) δu+ 2ū ∂zδu+ ω̄ δcω

+ r (∂zδψ) ∂rω̄ −
(
2δψ + r∂rδψ

)
∂zω̄ − (∂zω̄) δC + cu,res ω̄ + Rraw

ω

−
(
δur
)
∂rδω −

(
δC + δuz

)
∂zδω + 2 δu ∂zδu+ δcu δω . (S461)
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Then, substituting δcω = δcu, we obtain

∂tδω = −(λr + ūr) ∂rδω − (λz + C̄ + ūz) ∂zδω + (c̄ω + cu,res) δω + 2(∂zū) δu+ 2ū ∂zδu

+ ω̄ (δcu) + r (∂zδψ) ∂rω̄ −
(
2δψ + r∂rδψ

)
∂zω̄ − (∂zω̄) δC + cu,res ω̄ + Rraw

ω

−
(
δur
)
∂rδω −

(
δC + δuz

)
∂zδω + 2 δu ∂zδu+ δcu δω . (S462)

The linear operator is

Lω(δ) := (c̄u + cu,res − λ) δω −
(
λr + ūr

)
∂rδω −

(
λz + C̄ + ūz

)
∂zδω + 2(∂zū) δu+ 2ū ∂zδu

− 2(∂zω̄) δψ + r (∂rω̄) ∂zδψ − r (∂zω̄) ∂rδψ − (∂zω̄) δC + ω̄ δcu. (S463)

The nonlinear operator is

Nω(δ) = −δur∂rδω − ( δC + δuz) ∂zδω + 2 δu ∂zδu+ δcu δω. (S464)

G.2.3 Linearization of the elliptic equation

We consider

−
[
∂2r +

3

r
∂r + ∂2z

]
ψ = ω. (S465)

Then

−
[
∂2r +

3

r
∂r + ∂2z

](
ψ̄ + δψ

)
= ω̄ + δω. (S466)

Since (ψ̄, ω̄) form a steady-state, they satisfy

−
[
∂2r +

3

r
∂r + ∂2z

]
ψ̄ = ω̄. (S467)

There is no elliptic residual Rψ here because the spline representation of ω̄ is obtained by applying the
elliptic operator to ψ̄ exactly, as discussed in Section 2.3.

We subtract (S467) from (S466) and obtain only linear terms:

−
[
∂2r +

3

r
∂r + ∂2z

]
δψ = δω. (S468)
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G.2.4 z-differentiated form of the linearized first equation

Taking one z-derivative of the full linearized first equation, we use the notation

Lz(δ) := ∂zLu(δ), (S469)
Nz(δ) := ∂zLω(δ). (S470)

The main product-rule contributions are

∂z

[
−(λr + ūr)∂rδu

]
= −(λr + ūr)∂rzδu− (∂zū

r)∂rδu, (S471)

∂z

[
−(λz + C̄ + ūz)∂zδu

]
= −(λz + C̄ + ūz)∂zzδu− (λ+ ∂zū

z)∂zδu, (S472)

∂z

[
(2∂zψ̄ + c̄u)δu

]
= (2∂zψ̄ + c̄u)∂zδu+ 2∂zzψ̄ δu. (S473)

These identities, together with term-by-term differentiation of the δψ, δC, and δcu terms, give the following
explicit formulas.

The linear part is

Lz(δ) = − (λr + ūr) ∂rzδu− (λz + C̄ + ūz) ∂zzδu

+
(
2∂zψ̄ + c̄u + cu,res − λ− ∂zū

z
)
∂zδu− (∂zū

r) ∂rδu+ 2∂zzψ̄ δu

+ (2ū+ r∂rū) ∂zzδψ +
(
r∂rzū

)
∂zδψ

− r(∂zū) ∂rzδψ − r(∂zzū) ∂rδψ − 2∂zzū δψ

− (∂zzū) δC + (∂zū) δcu. (S474)

The nonlinear operator is

Nz(δ) = r(∂zzδψ) ∂rδu+ r(∂zδψ) ∂rzδu

− (2∂zδψ + r∂rzδψ) ∂zδu− ( δC + (2δψ + r∂rδψ)) ∂zzδu

+ 2(∂zδu)(∂zδψ) + 2δu ∂zzδψ + δcu ∂zδu. (S475)
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G.2.5 r-differentiated form of the linearized first equation

We now differentiate the full linearized first equation with respect to r. We write

Lr(δ) := ∂rLu(δ), (S476)
Nr(δ) := ∂rLω(δ), . (S477)

The main product-rule contributions are

∂r

[
−(λr + ūr)∂rδu

]
= −(λr + ūr)∂rrδu− (λ+ ∂rū

r)∂rδu, (S478)

∂r

[
−(λz + C̄ + ūz)∂zδu

]
= −(λz + C̄ + ūz)∂zrδu− (∂rū

z)∂zδu, (S479)

∂r

[
(2∂zψ̄ + c̄u)δu

]
= (2∂zψ̄ + c̄u)∂rδu+ 2∂rzψ̄ δu. (S480)

These identities, together with term-by-term differentiation of the δψ, δC, and δcu terms, give the following
explicit formulas.

The linear part is

Lr(δ) = − (λr + ūr) ∂rrδu− (λz + C̄ + ūz) ∂zrδu

+
(
2∂zψ̄ + c̄u + cu,res − λ− ∂rū

r
)
∂rδu− (∂rū

z) ∂zδu+ 2∂rzψ̄ δu

+ (2ū+ r∂rū) ∂zrδψ +
(
3∂rū+ r∂rrū

)
∂zδψ

− r(∂zū) ∂rrδψ −
(
3∂zū+ r∂rzū

)
∂rδψ − 2∂rzū δψ

− (∂rzū) δC + (∂rū) δcu. (S481)

The nonlinear part is

Nr(δ) = (∂zδψ + r∂rzδψ) ∂rδu+ r∂zδψ ∂rrδu

− (3∂rδψ + r∂rrδψ) ∂zδu− ( δC + (2δψ + r∂rδψ)) ∂zrδu

+ 2(∂rδu)(∂zδψ) + 2δu ∂zrδψ + δcu ∂rδu. (S482)
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G.3 Modulation equations

The modulation conditions determine δC and δcu.

G.3.1 Modulation equation for δC

The first normalization condition is
C + uz0 = 0. (S483)

Since uz0 = 2ψ0, substituting C = C̄ + δC and ψ = ψ̄ + δψ gives

0 = (C̄ + 2ψ̄0) + (δC + 2δψ0). (S484)

The reference stagnation condition C̄ + 2ψ̄0 = 0 therefore yields δC + 2δψ0 = 0, and thus

δC = −2δψ0. (S485)

G.3.2 Modulation equation for δcu

The second normalization condition fixes u0(t) = ū0, hence ∂tu0 = 0.

Evaluating the u-equation at the origin gives

0 = − (λr + ur)0(∂ru)0 − (λz + C + uz)0(∂zu)0 + 2u0(∂zψ)0 + cuu0. (S486)

Since ur0 = 0 and C + uz0 = 0, both transport terms vanish.

Using u0 = ū0, the origin equation becomes

0 = 2ū0(∂zψ)0 + cuū0. (S487)

We introduce the re-centered residual

Ru := Rraw
u + cu,resū, cu,res = −Rraw

u (0)

ū0
. (S488)

By construction,
Ru(0) = Rraw

u (0) + cu,resū0 = 0. (S489)

Substituting ψ = ψ̄ + δψ and cu = c̄u + cu,res + δcu separates the zero reference contribution from the
perturbative terms:

0 =
(
2(∂zψ̄)0 + c̄u + cu,res

)
ū0︸ ︷︷ ︸

Ru(0)=0

+2ū0(∂zδψ)0 + ū0δcu. (S490)

The underbraced term vanishes by (S489), leaving

ū0δcu = −2ū0(∂zδψ)0. (S491)

Since ū0 ̸= 0,
δcu = −2(∂zδψ)0. (S492)
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Appendix H. Additional Details for the Linear Damping Estimate

H.1 Additional details for the low-order linear estimate

Here we record the complete low-order operator decomposition and identifies which terms are retained in
the signed matrix and which are kept outside it in Section 4. The separate mechanisms used to estimate
the terms outside the matrix are developed in our companion stability paper [18].

H.1.1 Complete low-order operator decomposition

The low-order linear pairing is

Qlow
L (δ) := ⟨Lω(δ), δvω⟩Φω + ⟨Lr(δ), δvr⟩Φr + ⟨Lz(δ), δvz⟩Φz . (S493)

Recall that Qlow
L also contains the linear terms obtained when the residual amplitude offset from the

modulation equations multiplies a perturbation. Since δC and δcu are exactly linear and therefore enter
the linear operator only.

For each i ∈ {ω, r, z}, separate the transport part and non-transport terms as

Li(δ) = −Gr∂rδvi −Gz∂zδvi +
∑
m

Bi,m(δ). (S494)

The complete list of non-transport terms is

Bω,1 = (c̄u − λ+ cu,res)δvω, Bω,2 = 2∂zū δu,

Bω,3 = 2ū δvz, Bω,4 = −2∂zω̄ δψ,

Bω,5 = r∂rω̄ ∂zδψ, Bω,6 = −r∂zω̄ ∂rδψ,
Bω,7 = −∂zω̄ δC, Bω,8 = ω̄ δcu, (S495)

Br,1 = (2∂zψ̄ + c̄u − λ− ∂rū
r + cu,res)δvr, Br,2 = −∂rūz δvz,

Br,3 = 2∂rzψ̄ δu, Br,4 = (2ū+ r∂rū)∂rzδψ,

Br,5 = (3∂rū+ r∂rrū)∂zδψ, Br,6 = −r∂zū ∂rrδψ,
Br,7 = −(3∂zū+ r∂rzū)∂rδψ, Br,8 = −2∂rzū δψ,

Br,9 = −∂rzū δC, Br,10 = ∂rū δcu, (S496)

Bz,1 = −∂zūr δvr, Bz,2 = (2∂zψ̄ + c̄u − λ− ∂zū
z + cu,res)δvz,

Bz,3 = 2∂zzψ̄ δu, Bz,4 = (2ū+ r∂rū)∂zzδψ,

Bz,5 = (r∂rzū)∂zδψ, Bz,6 = −r∂zū ∂rzδψ,
Bz,7 = −r∂zzū ∂rδψ, Bz,8 = −2∂zzū δψ,

Bz,9 = −∂zzū δC, Bz,10 = ∂zū δcu. (S497)

Among the non-transport terms above, the low-order signed matrix retains

SL = {Bω,1, Br,1, Br,2, Bz,1, Bz,2}. (S498)

The three diagonal labels contribute to the diagonal entries, while Br,2 and Bz,1 contribute to the symmetric
r–z entry. All other labels in the lists above are kept outside the signed matrix.
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The terms outside the signed matrix are precisely the terms in the complete lists above that are not
contained in SL. We denote by A0

L and AkL the aggregate low-order and top-order losses obtained after
these terms are estimated by the separate mechanisms developed in the stability argument and presented
in our companion stability paper [18].

H.1.2 Alternative weight continuations outside the computational box

Section 4.3.2 uses the tail continuation employed in the numerical construction. For completeness, other
radial tail models can be analyzed from the same scalar condition. Suppose

Φi(r, z) = ϕi(ρ), ρ = r2 + z2. (S499)

Then
∂r log Φi = 2r

d

dρ
log ϕi, ∂z log Φi = 2z

d

dρ
log ϕi, (S500)

and the left side of (S216) becomes (
1 +

2z

ρ
C̄

)(
2ρ

d

dρ
log ϕi(ρ)

)
. (S501)

Since √
ρ ≥ Rbox and |z| ≤ √

ρ on the tail,

1− 2|C̄|
Rbox

≤ 1 +
2z

ρ
C̄ ≤ 1 +

2|C̄|
Rbox

. (S502)

The convenient sufficient assumptions

cu,res < 1, Rbox > 2|C̄| (S503)

leave a positive zeroth-order margin and keep the correction factor positive throughout the tail.

The main asymptotic guide is

lim sup
ρ→∞

2ρ
d

dρ
log ϕi(ρ) < 4(1− cu,res). (S504)

We consider different continuation families below:

• Exponential decay. If
ϕi(ρ) = Cfloor + a exp(−bρp), a, b, p > 0, (S505)

then d(log ϕi)/dρ ≤ 0. Under (S503), the left side of (S216) is nonpositive. Any 0 < γtail < 1− cu,res
therefore works.

• Algebraic decay. If
ϕi(ρ) = Cfloor + aρ−p, a, p > 0, (S506)

In this case,

2ρ
d

dρ
log ϕi(ρ) = −2p

aρ−p

Cfloor + aρ−p
≤ 0.

Under (S503), the factor 1+2zC̄/ρ in (S501) is positive throughout the tail. Hence the entire expression
in (S501) is nonpositive, so the scalar condition (S216) holds for any 0 < γtail < 1− cu,res.
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• Algebraic growth. If
ϕi(ρ) = Cfloor + aρp, a, p > 0, (S507)

then
2ρ

d

dρ
log ϕi(ρ) = 2p

aρp

Cfloor + aρp
≤ 2p. (S508)

A sufficient finite-box condition is

p

(
1 +

2|C̄|
Rbox

)
< 2(1− cu,res). (S509)

• Positive exponential growth. If

ϕi(ρ) = Cfloor + a exp(bρp), a, b, p > 0, (S510)

then
2ρ

d

dρ
log ϕi(ρ) = 2bpρp

a exp(bρp)

Cfloor + a exp(bρp)
, (S511)

which is unbounded as ρ→ ∞. Hence the scalar tail certificate cannot hold.

The four continuation families above are summarized in the following table, separating the asymptotic rate
restriction from the finite-tail condition used in the certificate.

Summary of radial model rates.

Rate Model ϕi(ρ) Asymptotic condition Finite-tail condition

Exponential decay Cfloor + a exp(−bρp) a, b, p > 0, with cu,res < 1 (S503)

Algebraic decay Cfloor + aρ−p a, p > 0, with cu,res < 1 (S503)

Algebraic growth Cfloor + aρp p < 2(1− cu,res) (S509)

Exponential growth Cfloor + a exp(bρp) Not possible Not possible

For the r, z weights, compatibility with the low-order weighted energy also requires p ≥ 1. Thus an
algebraically growing tail is compatible when one can choose

1 ≤ p <
2(1− cu,res)

1 + 2|C̄|/Rbox
. (S512)

This interval is nonempty if and only if

1 +
2|C̄|
Rbox

< 2(1− cu,res). (S513)
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H.1.3 Local concentration estimates

To apply the localized certificate, it is enough to prove (S226) on each piece Bℓ. Since every Bℓ is bounded
and stays away from the origin, and the weights are singular only at the origin, supBℓ Φi <∞ for every
i ∈ {ω, r, z}. The weighted energy can thus be controlled by ordinary local estimates for the components δvi.

Pointwise estimate. One option is to use pointwise estimates. If

∥δvi∥L∞(Bℓ) ≤ P 0
i,ℓE0 + P ki,ℓHk, i ∈ {ω, r, z}, (S514)

then |dξ|2 =
∑

iΦi|δvi|2 and the identity (a+ b)2 ≤ 2a2 + 2b2 give (S226), i.e.,∫
Bℓ

|dξ|2 dr dz ≤ m0,loc,ℓ
L E2

0 +mk,loc,ℓ
L H2

k, ℓ ∈ I loc
L , (S515)

with

m0,loc,ℓ
L := 2|Bℓ|

∑
i∈{ω,r,z}

(
sup
Bℓ

Φi

)
(P 0

i,ℓ)
2, (S516)

mk,loc,ℓ
L := 2|Bℓ|

∑
i∈{ω,r,z}

(
sup
Bℓ

Φi

)
(P ki,ℓ)

2. (S517)

Thus shrinking Bℓ improves the constants, provided that the weight suprema and the pointwise constants
remain uniformly controlled.

Local L2 estimate. Alternatively, suppose one has a local L2 estimate of the form∫
Bℓ

|δvi|2 dr dz ≤ Q0
i,ℓE

2
0 +Qki,ℓH

2
k, i ∈ {ω, r, z}, (S518)

then (S226) holds with

m0,loc,ℓ
L :=

∑
i∈{ω,r,z}

(
sup
Bℓ

Φi

)
Q0
i,ℓ, mk,loc,ℓ

L :=
∑

i∈{ω,r,z}

(
sup
Bℓ

Φi

)
Qki,ℓ. (S519)

H.2 Additional details for the high-order linear estimate

Remainder structure. Section 4.5.2 defines the complete top-order signed matrix, including the trans-
port contribution, every first transport commutator, and the local top-order component couplings. The
high-order remainder begins exactly where that complete signed matrix ends.

To see the transport split directly, write α = (q, k − q). In the Leibniz expansion of

Dα (Gr∂rf +Gz∂zf) , (S520)

the terms in which exactly one derivative lands on Gr or Gz are the first transport commutators retained
in the matrix. Equivalently, these are the |β| = 1 terms when β denotes the multi-index of derivatives
falling on the transport coefficient. Each leaves exactly k derivatives on f . Terms with |β| ≥ 2 contain at
most k − 1 derivatives of the perturbation and are therefore estimated as remainders.
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The same principle applies to the local top-order coefficients. The undifferentiated coefficient multiply-
ing a top derivative is retained in the signed matrix. Once a derivative lands on a spatially varying
coefficient, the perturbation factor has order at most k − 1 and is treated outside the matrix. The
nonlocal streamfunction terms and the remaining high-order modulation terms are also kept outside the
pointwise signed matrix and are controlled by the weighted elliptic, interpolation, and lower-order estimates.

Aggregate Euler estimate. All high-order linear terms not represented by the complete signed matrix
are required to satisfy∣∣∣∣∣∣

∑
i∈{ω,r,z}

∑
|α|=k

⟨DαLi, Dαδvi⟩Φi,k −
∫
D
V⊤
k M

(k),full
L Vk dr dz

∣∣∣∣∣∣ ≤ Ak,remlin H2
k +A0,rem

lin E2
0. (S521)

Provided
Ak,remlin < Λfull

DαL, (S522)

define the net high-order constants by

Λhigh
DαL := Λfull

DαL −Ak,remlin , Λlow
DαL := A0,rem

lin . (S523)

Combining the remainder bound with the matrix certificate (S248) gives the complete Euler high-order
estimate ∑

i∈{ω,r,z}

∑
|α|=k

⟨DαLi, Dαδvi⟩Φi,k ≤ Λlow
DαL E2

0 − Λhigh
DαLH2

k. (S524)

Thus the complete high-order matrix margin is reduced only by the top-order part of the remainder bound,
while its low-order part becomes the coefficient Λlow

DαL. This is the high-order linear estimate used together
with the low-order result when the final stability margin is assembled.

Possible refinements. The coupled low-order and high-order mechanism above is the first target. If its
certified margin is positive but smaller than desired, the natural next step is to improve the constants
already present rather than change the proof strategy. In particular, one can refine the steady profile,
re-optimize the weights, shrink the localized sets Bℓ, sharpen the concentration and interpolation bounds,
retain additional favorable linear terms with their sign, and optimize k using the complete high-order
matrix together with its remainder. These are quantitative improvements of the same damping mechanism.

Only if the complete top-order signed matrix remained too weak on a substantial region after these
refinements would a genuinely stronger top-order estimate be needed. The low-order localization argument
cannot simply be repeated for concentration of the top derivatives. In that case one would refine the
top-order energy or exploit additional forms of damping.
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Appendix I. Proofs of the Stability Theorems

We now prove the single-radius stability Theorem S1.

Theorem S3 (Euler single-radius stability). Assume that the following perturbation equations hold for
admissible perturbations:

∂tδω = Lω(δ) +Nω(δ) +Rω, (S525)
∂t∂rδu = ∂rLu(δ) +Nr(δ) +Rr, (S526)
∂t∂zδu = ∂zLu(δ) +Nz(δ) +Rz. (S527)

Assume that the following estimates have been certified with finite constants:

⟨Lω, δω⟩Φω + ⟨∂rLu, ∂rδu⟩Φr + ⟨∂zLu, ∂zδu⟩Φz ≤ −Λlow
L E2

0 + Λhigh
L H2

k. (S528)

∑
i∈{ω,r,z}

∑
|α|=k

⟨DαLi, Dαδvi⟩Φi,k ≤ Λlow
DαL E2

0 − Λhigh
DαLH2

k. (S529)

|⟨Nω, δω⟩Φω + ⟨Nr, ∂rδu⟩Φr + ⟨Nz, ∂zδu⟩Φz | ≤ ΛN ,3 E
3
k. (S530)

µk

∣∣∣∣∣∣
∑
|α|=k

⟨DαNω, D
αδω⟩Φω,k +

∑
|α|=k

⟨DαNr, D
α∂rδu⟩Φr,k +

∑
|α|=k

⟨DαNz, D
α∂zδu⟩Φz,k

∣∣∣∣∣∣ ≤ ΛDαN ,3 E
3
k.

(S531)∣∣∣∣∣∣
∑

i∈{ω,r,z}

⟨Ri, δvi⟩Φi + µk
∑

i∈{ω,r,z}

∑
|α|=k

⟨DαRi, D
αδvi⟩Φi,k

∣∣∣∣∣∣ ≤ ΛR Ek. (S532)

Choose µk ∈ (0, 1] and

Λstab(µk) := min

{
Λlow
L − µkΛ

low
DαL, Λhigh

DαL −
Λhigh
L
µk

}
> 0. (S533)

After this choice of µk is fixed, write Λstab for the positive number Λstab(µk).

Define the combined nonlinear constant by

Λ3 := ΛN ,3 + ΛDαN ,3. (S534)

Assume that δ∗ > 0 satisfies

Λ3δ∗ +
ΛR
δ∗

< Λstab. (S535)

Then every solution with Ek(0) < δ∗ remains in the ball Ek(t) < δ∗ for as long as the solution exists and
the certified estimates apply.
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Proof (✓ Formalized and verified in Lean)

We pair the three perturbation equations with (δω, ∂rδu, ∂zδu) in the low-order weights and add the
kth-order pairings with prefactor µk.

The two linear estimates in the theorem, with the high-order estimate multiplied by µk, give

− Λlow
L E2

0 + Λhigh
L H2

k + µk
(
−Λhigh

DαLH2
k + Λlow

DαL E2
0

)
(S536)

= −(Λlow
L − µkΛ

low
DαL)E

2
0 − (µkΛ

high
DαL − Λhigh

L )H2
k.

By (S533),
Λlow
L − µkΛ

low
DαL ≥ Λstab, µkΛ

high
DαL − Λhigh

L ≥ µkΛstab. (S537)

Therefore

−(Λlow
L − µkΛ

low
DαL)E

2
0 − (µkΛ

high
DαL − Λhigh

L )H2
k ≤ −ΛstabE

2
0 − µkΛstabH

2
k = −ΛstabE

2
k, (S538)

since E2
k = E2

0 + µkH
2
k.

The low-order nonlinear estimate (S530), the high-order nonlinear estimate (S531), and (S534) give∣∣∣∣∣∣
∑

i∈{ω,r,z}

⟨Ni, δvi⟩Φi + µk
∑

i∈{ω,r,z}

∑
|α|=k

⟨DαNi, D
αδvi⟩Φi,k

∣∣∣∣∣∣ ≤ Λ3E
3
k. (S539)

Combining (S538), (S539), and the residual bound (S532) yields

1

2

d

dt
E2
k ≤ −ΛstabE

2
k + Λ3E

3
k + ΛREk. (S540)

It remains to show that the energy ball is forward invariant. We suppose that Ek(0) < δ∗ and argue by
contradiction. Define the first boundary-contact time by

t∗ := inf{t > 0 : Ek(t) = δ∗} (S541)

Set F (t) := Ek(t)
2. Then F (t) < δ2∗ for t < t∗ and F (t∗) = δ2∗ , so the left derivative satisfies

F ′(t∗) = lim
h↓0

F (t∗)− F (t∗ − h)

h
≥ 0. (S542)

On the other hand, evaluating (S540) at t∗ gives

1

2
F ′(t∗) ≤ −Λstabδ

2
∗ + Λ3δ

3
∗ + ΛRδ∗ = −δ2∗

(
Λstab − Λ3δ∗ −

ΛR
δ∗

)
< 0 (S543)

by (S535), which contradicts (S542).

Therefore the ball Ek < δ∗ is forward invariant, which proves the stated nonlinear stability.
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Appendix J. Proof of the Physical Reconstruction Proposition

This appendix provides the proof of the reconstruction proposition stated in Section 3.8.

Proposition S10 (Finite-time physical blowup from a signed amplitude rate). Consider the Euler equations
in the dynamic rescaling formulation above, with λ = 1/2. Assume that the exact admissible rescaled
solution exists for every t ≥ 0, remains in the corresponding stability ball, and satisfies the modulation
bounds throughout. Assume in addition that

cu(t) ≤ −γu < 0, t ≥ 0, (S544)

for some γu > 0. Then the physical time t̊(t) converges to a finite limit T , with

0 < T − t̊(t) ≤ e−γut

γu su(0)
. (S545)

The traveling center z̊c(t) converges to a finite physical location. Moreover,∣∣ωz(0, z̊c(t), t̊(t))∣∣ = 2|ū0| su(t) −→ ∞. (S546)

Consequently,
∥ω̃(·, t̊(t))∥L∞(R3) −→ ∞, (S547)

and the reconstructed physical solution cannot be continued smoothly through T .

Proof (✓ Formalized and verified in Lean)

The amplitude scaling law and (S544) give

∂tsu = −cusu, su(t) ≥ su(0) e
γut. (S548)

Using (S172), define

T = t̊(0) +

∫ ∞

0

dτ

su(τ)
. (S549)

The lower bound in (S548) makes this integral finite and gives

0 < T − t̊(t) =

∫ ∞

t

dτ

su(τ)
≤ e−γut

γusu(0)
, (S550)

which proves (S545).

Since su(t) > 0, the physical clock is strictly increasing and maps 0 ≤ t <∞ onto t̊(0) ≤ t̊ < T .

At the moving physical center, the rescaled coordinates are (r, z) = (0, 0). The normalization condition
u(0, 0, t) = ū0 and the inverse amplitude rescaling give

u•
(
0, z̊c(t), t̊(t)

)
= su(t)ū0. (S551)

Since uθ = r̊ u•, axisymmetry gives

ωz =
1

r̊
∂r̊ (̊ru

θ) = 2u• + r̊ ∂r̊u•. (S552)
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Axis regularity then yields
ωz(0, z̊, t̊) = 2u•(0, z̊, t̊). (S553)

Combining this identity with (S551) and (S548) gives∣∣ωz(0, z̊c(t), t̊(t))∣∣ = 2|ū0|su(t) −→ ∞. (S554)

It remains only to locate the singularity in physical space.

The modulation bounds give |C(t)| ≤ C∗ for some finite C∗.

Since λ = 1/2,
sr(t) = sr(0) e

−t/2. (S555)

The center equation therefore gives∫ ∞

0
|∂tz̊c(t)| dt ≤ C∗sr(0)

∫ ∞

0
e−t/2dt <∞. (S556)

Hence z̊c(t) converges to a finite limit z̊∗.

For each finite rescaled time, the exact change of variables gives an equivalent smooth physical solution. A
smooth continuation through T would keep the vorticity finite near (0, z̊∗, T ), contradicting (S546).
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